





THE FEBRUARY MEETING IN NEW YORK 


The two hundred sixty-seventh regular meeting of the 
Society was held at Columbia University, on Saturday, 
February 23, 1929, extending through the usual morning 
and afternoon sessions. The attendance included the follow- 
ing fifty-nine members. 

R. L. Anderson, R. G. Archibald, H. E. Arnold, Benton, 
G. A. Campbell, J. A. Clark, Cramlet, Demos, Doermann, 
J. E. Donahue, Dresden, Engstrom, Fite, D. A. Flanders, 
R. M. Foster, Gehman, Gill, Glenn, Gourin, Gronwall, 
Hazeltine, L. S. Hill, Himwich, E. H. Johnson, M. I. 
Johnson, Kasner, Kenny, Kline, Koopman, Mark Kormes, 
Kramer, Marden, Mullins, F. H. Murray, Newman, Parsons, 
Pfeiffer, Pierpont, Post, Rawles, Reddick, M. S. Rees, 
R. G. D. Richardson, Ritt, Robertson, Seely, Serghiesco, 
Simons, Smail, P. A. Smith, J. M. Thomas, J. L. Walsh, 
Weinstein, Weisner, Whittemore, H. B. Williams, W. J. 
Willis, W. A. Wilson, Zippin. 

There was no ineeting of the Council or of the Trustees 
of the Society. 

Associate Secretary Dresden presided at the morning 
session, and Professor Whittemore in the afternoon. 

At the request of the Program Committee, Professor J. L. 
Walsh, of Harvard University, delivered, at the beginning 
of the afternoon session, an address entitled The approxima- 
tion of harmonic functions by harmonic polynomials and by 
harmonic rational functions. This address will appear in 
full in an early issue of this Bulletin. 

Titles and abstracts of the other papers read at this meet- 
ing follow below. The papers of Beckenbach, Calugaréano, 
Douglas and Emch were read by title. Mr. Beckenbach was 
introduced by Professor Bray, and Dr. Calugaréano by 
Professor Kasner. 

1. Professor J. E. Donahue: Geometric proof of Kasner’s 
pentagon theorem. 


In a recent paper (American Mathematical Monthly, vol. 35 (1928), 
pp. 352 ff.), Kasner proves (using coordinates) the following theorem: For 


289 











290 AMERICAN MATHEMATICAL SOCIETY [May-June, 


any plane pentagon P the inscribed pentagon of its diagonal pentagon and the 
diagonal pentagon of its inscribed pentagon are identical. In the present paper 
there is given a synthetic proof employing Pascal’s line and Brianchon’s 
point. 

2. Miss Edna E. Kramer: The Laguerre group and allied 
topics. 

It is well known that the Laguerre group can be represented analytically 
by the linear fractional transformations of the variable w=u+jv, where 
j?=0 and u and v are functions of the Hessian coordinates of a directed 
line. Using this representation, the present paper deals with the Laguerre 
group in a manner analogous to that in which the inversion group is often 
treated. Some new properties of Laguerre inversion are discussed, and a 
large family of anallagmatic curves is found. The invariants and path- 
curves of the groups of integral linear transformations are discussed. For 
W=w-b these curves are cycles (directed circles); for W=aw each curve 
(non-oriented) is a tractrix. For the direct transformations of the Laguerre 
group it is found that there may be 0, 2, «!, or 2! fixed rays in the finite 
plane, and for the indirect transformations, 1, 2, ©! or 21. The trans- 
formations resulting from combinations of the integral linear transforma- 
tions with reciprocation are classified kinematically. In the second part of 
the paper a theory of polygenic functions of w is developed, analogous to 
that of Kasner for polygenic functions of z, and points of similarity and 
divergence between the two theories are noted. 


3. Professor Edward Kasner: The bitharmonic functions of 


Poincaré related to functions of two complex variables. 

Poincaré applies the term biharmonic to those functions of four real 
variables F(x, y, x’, y’) which can be regarded as the real part of an analytic 
function of two complex variables z=x-+iy, 2’=x’+iy’. If a conformal 
substitution x’=¢(x, y), y’=y(x, y) is performed, F obviously becomes a 
harmonic function of x, y. In the present paper two easy converses of this 
theorem are proved. (I) Biharmonic functions are the only functions of four 
real variables which are converted into harmonic functions by every 
conformal substitution. (II) The only substitutions which convert all 
biharmonic functions into harmonic functions are the conformal substi- 
tutions. Connection is made with the author’s geometric representation of 
functions of two complex variables, first by points in four dimensions, then 
by bipoints or point-pairs in the plane. See abstracts in this Bulletin, 
vol. 15 (1908-09), pp. 67, 159. 

4. Mr. Eli Gourin: On the irreducible polynomials in several 
variables which become reducible when the variables are replaced 
by powers of themselves. 

Given an irreducible polynomial Q(x, - - - , xp), consisting of more than 
two terms, the sets of positive integers 4, - + - , tp for which Q(x", - - -, xp'?) 
is reducible can be grouped into a finite number of classes of sets. In each 


class, the sets are of the form a7}, - - - , @p7’p, where the T’s are elements of 
a certain set, having the required property, and the a’s are arbitrary 
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positive integers. Those of the T’s which are distinct from unity are each 
equal to one and the same prime number p. If M denotes the largest among 
the m,’s, where m; is the degree of Q in x;, and if P is the largest prime num- 
ber which does not exceed M?, then p<P. 


5. Professor J. F. Ritt: Algebraic combinations of exponen- 


tials. 
This paper investigates functions defined by an equation 


n 
(1) LD (aot awe + +++ +anse%m*)y = 0, 
i=0 

where the a’s and a’s are any complex constants. The theory of these 
functions contains in itself the theory of algebraic functions. It is shown 
that, for large x’s, every branch of a function defined by (1) can be repre- 
sented by Dirichlet series with complex exponents. It is then proved 
that if (1) defines more than a single analytic function, the first member of 
(1) can be factored into expressions similar to itself but of lower degree in 
y. In particular, a uniform function defined by (1) must satisfy an equation 
of the first degree, and hence is the quotient of two exponential polynomials. 


6. Professor J. F. Ritt: Representation of analytic functions 


as infinite products. 

Let f(z) be analytic, and equal to unity, at z=0. It is proved in this 
paper that f(z) admits, for the neighborhood of the origin, a representation 
as an absolutely convergent product (1-+a;2)(1-+-a22”) --- (itanz")---, 
with constant a’s. The representation is unique. 


7. Professor W. A. Wilson: On linear upper semi-continuous 


collections of continua. 

Let M be a bounded upper semi-continuous collection of continua 
{X} such that no two have common points and X =f(t) is upper semi- 
continuous in the interval a <t<b; a collection of this kind may be called 
linear and M the image of ab. If there is no upper semi-continuous aggregate 
function Y=g(t), where each Y is a continuum defined in ab such that 
g(t)C f(t) at every point and g(t) ~f(é) at some point, f(#) is called a minimal 
upper semi-continuous function. It was shown in a previous communica- 
tion that, if f(t) is a minimal upper semi-continuous function in ab, M is a 
bounded plane continuum, and no f(#) separates f(a) from f(b), then M is 
irreducible between f(a) and f(b). The present paper discusses the case that 
the set of points T’ = {t’} for which f(t’) separates f(a) from f(b) is not void. 
It is shown that the conclusion of the quoted theorem remains valid if 
the set T’ is totally disconnected, and that it is sometimes valid and some- 
times not if 7’ contains an interval. Finally, there exist cases where f(#) 
is a minimal upper semi-continuous function defined in an interval ab and 
the image of ab fills a portion of the plane. 


8. Dr. O. E. Glenn: A theory of integral invariants. 


The general question studied in this paper is as follows. A curve C: 
f(x, vy) =0, is transformed by x,=o(x, y), y:=7(x, y) into Ci: g(x, 91). 
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Suppose any function ¢ of x, y, y’ to be given. It is required to find the line 
of integration C such that [a°6(x:, 71, 9:’)dx = MJy°o(x, y, y’)dx, the line of 
integration being C, in the first integral and C in the second. The limits 
(a, 8) are to be arbitrary, and (vy, 6) are limits transformed from (a, 8) 
by x,;=0¢, ¥:=7. We also consider the problem where ¢ is to be determined, 
C being assigned. 

9. Dr. G. Calugaréano: Polygenic functions considered as 
integrals of differential equations. 

In this paper, which will appear in the Transactions of this Society, 
the author applies polygenic (that is, non-analytic) functions to the solution 
of certain ordinary differential equations of mth order. The first derivative 
is defined as in Kasner’s papers (Science, vol. 66 (1927), p. 981; Proceedings 
of the National Academy, vol. 13 (1928, p. 75). The second and higher 
derivatives are the special case which Kasner describes as rectilinear 
(Transactions of this Society, vol. 30 (1928), pp. 803-818). By means of 
the polygenic solutions, analytic solutions may also be obtained. The 
discussion is purely analytic, as in the author’s Paris thesis (Nov., 1928). 


10. Professor Arnold Emch: On the mapping of the in- 
volutorial G,in a plane upon a Steiner surface. 
This paper appears in full in the present issue of this Bulletin. 


11. Dr. Jesse Douglas (National Research Fellow): 
Solution of the problem of Plateau. 


In a paper presented to the Society, Dec. 28, 1926, the author reduced 
the problem of Plateau to the integral equation (I): */rK(t, r) ctn (3[¢(r) 
—¢(t)])dr=0 (or its equivalent by the substitution ctn (46) =y: 
* [rK(t, r)dr/ [o(r) —¢(t)]=0). For the notation see the abstract in this 
Bulletin, vol. 33, p. 143. In a subsequent paper presented April 6, 1928 
(see this Bulletin, vol. 34, p. 405) the author showed that (I) expressed the 
vanishing of the functional derivatives of the functional 

A($) = —JrfrK(t, 7) log sin 3] (6(7) —9(0)| didr. 
It thus becomes a question of proving the existence of a minimizing function 
¢ for A(¢). This is accomplished in the present paper. It is shown that 
A(¢) is a lower semi-continuous function on the set of all functions ¢ which, 
by means of 6=¢(¢), establish a one-one continuous correspondence be- 
tween the contour T and the unit circle C; only these functions are ad- 
missible. In order to have a closed set [¢] it is necessary to include functions 
¢@ whose cartesian t, @ graph presents (1) horizontal or (2) vertical line 
segments as well as (3) properly monotonically increasing continuous 
functions ¢. The set [¢] is compact as well as closed, and we can there- 
fore apply the results of Fréchet’s thesis (Palermo Rendiconti, vol. 22 
(1906)) to affirm the existence of a minimizing ¢. It is shown that, for a 
function ¢ of type (1), A(¢) =+ ~, and for one of type (2), A’(¢, #) cannot 
be identically zero. Hence the existing minimizing ¢ is of the proper type 
(3), and the problem is solved. 
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12. Mr. E. F. Beckenbach: An inequality for definite 


Hermitian determinants. 
This paper appears in full in the present issue of this Bulletin. 


13. Dr. T. H. Gronwall: Straight line geodesics in Einstein’s 


parallelism geometry. Preliminary communication. 

This paper gives a set of partial differential equations forming the neces- 
sary and sufficient conditions that, in Einstein’s parallelism geometry, all 
geodesics be straight lines and vice versa. 


14. Dr. T. H. Rawles: On the inverse problem in the calculus 


of variations. 

The problem considered in this paper is that of finding the integrand 
function which is minimized by a given two-parameter family of extremals. 
By approaching the problem from the standpoint of the invariant integral 
a method is obtained which is simpler than that of Darboux in that it is 
not necessary to solve a partial differential equation. 


15. Professor James Pierpont: Foucault's pendulum in 


elliptic space. 

The equations of motion are deduced from Hamilton’s principle. We 
find 2f(+kp)+¥a=k*p’y sin w cos w—k*pp'(r/l) sin w, where w is the 
azimuth of the plane of vibration, y the small angle that the pendulum 
makes with the vertical, k the angular velocity of the earth, ¢ the latitude 
of the station, p=sin ¢, p’=cos ¢, 1=sin L, r=sin p, L being the length of 
the pendulum, p being the distance of the point of suspension from the 
center of the earth, both expressed in elliptic measure. The space constant 
is taken as unity. The above equation is entirely analogous to the cor- 
responding equation in classical mechanics. Under similar conditions we 
may say, therefore, that in first approximation the angular velocity of the 
plane of vibration is @=—k sin ¢. The author wishes to note that the 
analysis employed may be readily extended to hyperbolic space. 

16. Dr. T. H. Gronwall: On the differential equation of the 
vibrating membrane. 

This paper considers the question of the analytic continuation of a 
solution of the partial differential equation V2u-+-k2u=0 (with boundary 
condition u=0 or du/dn=0) across a straight line part of the boundary. 
The result is applied to the determination of the frequencies and character- 
istic functions for a rectangular membrane. 

17. Mr. Leo Zippin: A characterization of the simple closed 
surface and of the plane. 

It is proved that a continuous curve C, such that (i) any (1, 1) bicon- 
tinuous transformation of a simple closed curve of C into itself or another 
simple closed curve of C can be extended to C, and (ii) there is at least one 
simple closed curve of C which disconnects it, is a simple closed surface if C 
is bounded and homeomorphic with the plane if C is unbounded. 

R. G. D. RICHARDSON, 


Secretary. 
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MODERN HYDRODYNAMICAL THEORY, WITH 
SPECIAL REFERENCE TO AERONAUTICS* 


BY F. D. MURNAGHAN 
A. GENERAL NOTIONS AND THEOREMS 


1. Particle and Local Differentiation. In hydrodynamical 
theory matter is regarded as distributed continuously, but its 
various points are supposed to be capable of identification; 
we shall refer to them as particles. In order to identify a 
particle, a material reference frame is introduced, and we 
shall suppose for simplicity that this is a rectangular Car- 
tesian frame. At any convenient initial instant t=f9, the 
coordinates of a particle may be denoted by (a, b, c); and at 
any later instant the coordinates of the same particle may be 
denoted by (x, y, z). We make the assumption that (x, y, 2) 
are differentiable functions of a, b, c, and ¢t. This assumption 


P 


a eed 
a° 





T 


Fic. 1 


must be carefully noted since the principal object of interest 
to us later on will be the flow of a fluid around an obstacle 
and the fluid will divide at the obstacle. Thus two particles 
initially adjacent (as A and A’ in Fig. 1) will not be adjacent 
when separated by the obstacle as at P and P’. Our subse- 





* This paper is a somewhat formal and detailed presentation of the 
contents of an address delivered at the invitation of the program committee 
at the meeting of this Society on October 29, 1927. The adjective modern 
in the title of the address refers to the first quarter of the present century, 
but in order to make the paper easily intelligible to mathematical readers 
who have not specialized in hydrodynamics, I give a statement of the more 
important results which had been previously obtained. 
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quent remarks will apply, then, separately to the two por- 
tions of the fluid which separate at the obstacle but not to 
the fluid as a whole. A particle may be identified either by 
means of (a, b, c, 1) which are known as the particle, or La- 
grangian, variables or by means of (x, y, z, #) which are 
known as the local, or Eulerian, variables; we shall denote 
time differentiation when the particle variables are used by 
d/dt and when the local variables are used by 0/dt. The 
‘ velocity components (dx/dt, dy/dt, dz/dt) being denoted by 
(u, v, w), we have the relation 


d 0 ts] re) 0 
(1) an at en Ge a 

dt oa Ox oy 0z 
In particular the acceleration components (du/dt, dv/dt, 
dw/dt) are given, in terms of the local variables, by formulas 
of the type 
du ou Ou Ou Ou 


u— +2—+w 


(2) —=— o— 
dt ot Ox Oy 0z 


The paths of the various particles are found, if (u, v, w) are 
known in terms of the local variables, by integrating the 
three equations 
dx dy dz 
(3) —=—=—= dt, 
u v w 
At any given instant t=4, the stream-lines are given by inte- 
grating the ‘wo equations 
bx 6 62 
(4) ams 
Uy V1 Wi 
where 1; = u(x, y, 2, t:), and soon. The ©? paths must then 
be distinguished from the ©? stream-lines. They coincide 
geometrically when the stream-lines are permanent, that is, 
when 0u/df=0, dv/dt=0, dw/dt=0 identically in ¢. In this 
case the motion is said to be steady, and in the applications 
with which we shall be concerned steady motion is assumed. 
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2. The Principle of Conservation of Mass. This postulates 
the existence of a positive density function p, which we 
assume to be differentiable, and such that the volume integral 
Jp 5(x, y, 2) does not vary with ¢, the volume of integration 
consisting of the same particles. In other words fp 6(x, y, 2) 
is an integral invariant of the equations (3). If the initial 
value of p be denoted by po, the differential form of statement 
of the principle of conservation is, in terms of the particle 
variables, 


d(x,¥,2) 


"ie,b,2) POs 


and in terms of the local variables, 


Op 


(5) a 


+ (ou) + (60) + (pn) = 0 

—(pu —(pv —(pw) = 0. 

Ox Oy dz 

This equation is known as the equation of continuity and it 
may be put in the equivalent form 


dp ou ov dw 
= + o(= += +=) = 
dt Ox Oy 2 


For an incompressible fluid dp/dt=0 and the equation of 
continuity is 
Ou dv dw 
(6) —+—+—=0. 
Ox Oy a2 
3. The Circulation Integral. With any closed curve C of 
particles we may associate, at any instant /, the number 


(7) i = g (uss + védy + wz), 


where 6 indicates the differential with respect to the par- 
ameter of the curve. The integral I is known as the circula- 
tion around the curve; and an application of Stokes’ theorem 
enables us to write it in the equivalent form 
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(8) Pe feo. + 48(s,2) + £8(2,9), 


where 


ow dv Ou ow ov Ou 


| 
Oy as’ 02 ax : Ox oy 


are the vorticity components and the surface of integration 
is bounded by C. A simple calculation shows that 


(9 ~ = $f (2 )aty,9 
dt dy dt 02 dt 
Oo du 0 dw 0 dv 0 du 
“G5 eee res Bef 


Hence the necessary and sufficient conditions that dI'/dt=0 
for every closed curve C are 


and so forth. In other words, I is a (relative) integral in- 
variant of the equations (3) provided that the acceleration 
components are derivable from a potential function Q, that 
is, provided that 

00s dv 00s dw 0Q 


du 
(10) Te Tee. . Gas Aa So ees ae ’ 
dt Ox dt oy dt 0z 


and conversely. In our applications this will be the situation. 
A particular instance of importance occurs when I'=0 
throughout a region of the fluid; then the vorticity com- 
ponents (£, 7, ¢) are zero and the motion is said to be irro- 
tational in that region. The velocity components are deriv- 
able from a single function ¢ as follows: 

0g 0g 0g 


(11) “=—), v=—» w=—; 
Ox oy Oz 


and @¢ is called the velocity potential. 
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4. The Fundamental Equations and the Concept of a Perfect 
Fluid. If we focus our attention on a particular point (x, y, z) 
of the fluid, the orientation of a particular element of area 
5S through (x, y, z) may be specified by means of the direction 
cosines (1, m, n) of one of the two directed normals to 6S and 
we may Call the side of 6S towards which the normal is drawn 
its positive side. Then the fluid on the negative side of 6S 
exerts on the fluid on the positive side a force whose com- 
ponents may be denoted by (P, 46S, P, 6S, P. 6S), where 
(P., P,, P:) are given in terms of (1, m, n) and nine coefficients 


(Pzz, Pry, * * * » Pzz) by the equations 
P,= lpzz + MPpyz + Npzz, 
(12) Py = |piy + Mpyy + Mey, 


P, = lds. + MP yz + NPzz- 


The nine coefficients (p::, pry, - - - , Pez) Constitute what is 
called the stress or pressure tensor. If the fluid is subjected to 
a system of forces (X, Y, Z) per unit mass, a simple applica- 
tion of the fact that the total force acting on any portion 
of the fluid is equal to the time rate of change of its linear 
momentum yields the equations 











du OPeer OPgs  OPsx 
(13) po = 0x —( +4 ); 
dt Ox oy 0z 
dv dw 
ee at eg 


In deriving these we have used the fact that if there are 
surface forces, whose components are (F, G, H) per unit area, 
acting on the fluid then (see (1)) we have 


(14) F+1lp.:+mp,z+np2=0;G+ =0;H+ =0; 


where (/, m, n) are the direction cosines of the outward drawn 
normal. The theorem that the moment of the forces acting on 
the fluid about any axis is equal to the time rate of change 
of its angular momentum about this axis yields the fact that 
the pressure tensor is symmetric, that is, 
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(15) Peay = Pu, Piz = fiz, Puz = Pry- 


A perfect fluid is by definition one such that the stress across 
any element is normal to it; it is this quality of inability to 
withstand tangential stresses that distinguishes fluids from 
solids. The equations (12) combined with P.:P,:P, 
=I1:m:n for arbitrary values of the ratios ]/:m:n show that 
the pressure tensor for a perfect fluid is the scalar tensor 
(p, 0, 0; 0, p, 0; 0, 0, p), where p is the common value of 
Pzz, Py, Pz. The number p is called the pressure of the perfect 
fluid and it is well to remember that the concept of pressure, 
as here defined, does not exist for a non-perfect or viscous 
fluid. For a perfect fluid the equations of motion are 
du Op dv _ Op dw Op 


i). go oil + go ad oa wee 
Phe a ee ee ee 


to which must be added the boundary conditions 
(17) F+lp=0, G+mp=0, H+np=0, 


where p denotes, in these latter equations, the pressure at 
the boundary of the fluid. It is clear from (16) that an 
acceleration potential Q exists for a perfect fluid if (1) 
(X, Y, Z) are derivable from a potential function V, that is, if 


a av av 


and (2) if 
1 ap oP 1 ap oP 1 0p aP 
Pe anes se p 02 92 
where P is any function of x, y,z and ¢. Then Q=V+P. We 
shall be concerned mainly with the case where the fluid is 
homogeneous, that is, dp/dx=0, dp/dy=0, dp/dz=0, and in 
this case P = p/p so that 


(18) Guha: 
p 
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If our first condition is satisfied but not our second we have 
from (9) 


02) ole 
ar ae r—) 





a IG Se 
. 02) 
+ en »y) 


Se(r7)- $a(): 


5. Bernoulli's Theorem connecting Pressure and Velocity. 
When an acceleration potential Q exists the three equations 
du/dt = —0Q/dx, etc., may be written in the form 


au *(o+4 : 
OY os eg oa 
le ae 2! 


and so forth, where (, 7, ¢) are the vorticity components 
and qg?=u?+v?+w" is the square of the velocity. These 
yield at once the equation 

Le Oe ‘) = 

di (0+ 27) a’ 
so that when Q is free of t, 0+ q?/2 is a first integral of the 
equations (3). In other words 0+ q?/2 has a constant value 
along any one path but it will, in general, vary from path to 
path. If, however, the motion is steady (@u/dt=0, etc.), and 
irrotational (£=0, etc.), we have 0(0+4q?/2)/dx=0, etc., so 
that 0+¢°/2, being free of t, is a number independent of x, 
y, z and ¢t. In the application with which we shall be con- 
cerned we shall have V=0, P=p/p, so that Q=V+P=pD/p, 
with p a numerical constant. Hence we may write 


(20) b+ 30q? = po; or p= po — 309’, 


where fo is a constant throughout the fluid. Since po is 
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what p becomes wherever g =0, it is called the static pressure. 
The additional term —pq*/2 is called the dynamic pressure. 


6. The Forces and Turning Moments Experienced by Solids 
in the Fluid. The equations (16) may be written in the form 
G0 f= apa a 

pX — — =p— =p—+—(pu —(puv) +—(puw), 

as ‘dt | aw as ol Cm 
and so forth, on using (5). Upon integrating this equation 
throughout the region of the fluid between the immersed 
solid, or solids, S and any convenient outer boundary sur- 
face S’, and using the fact that at any point of the surface of 
a solid the velocity of the fluid is tangential to the surface, 
we find that the force components (F., F,, F,) exerted by the 
fluid on the immersed solids are given by equations of the 
form 


(22) F, = i ads f ~ (guar 


- f out + mo + nw)dS’ — f pas’, 


where (J, m, n) are the direction cosines of the normal to 
dS’, drawn away from the fluid. In the cases to which we 
shall apply this result we shall assume the applied mass 
forces negligible (X =0, etc.), the motion steady (du/dt=0, 
etc.) and irrotational (so that (20) is applicable) and the 
fluid is compressible and homogeneous; we find then 


ll 


p 
(23) Fz = f {1(u? + 0? + w?) — 2u(lu + mo + nw)}d5’ ; 
F,= ; F= 
In a similar way, the moments (M,, M,, M.) about the co- 
ordinate axes of the forces exerted by the fluid on the im- 
mersed obstacle are given by equations of the form 


(24) M,= = : { (yn — zm)(u? + v? + w?) 


— 2(yw — 2v)(lu + mo + nw)} dS’, 
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and so forth. It is with these forces and moments that we 
shall be mainly concerned and the significance of the 
formulas given lies in the fact that the desired values are 
obtained by integration over an arbitrary surface S’ enclosing 
the obstacles. It will be usually convenient, when the fluid 
is supposed infinite in extent, to regard S’ as receding to in- 
finity and we see that a knowledge of the nature of the flow 
at infinity suffices to determine the forces exerted on the 
solids by the fluid and also the moments of these forces. 


B. Two-DIMENSIONAL IRROTATIONAL MOTION 


7. The Complex Velocity and Potential. In many applica- 
tions we may assume, at any rate to a first approximation, 
that the velocity of each particle is parallel to a given plane 
and independent of its distance from it. Taking the given 
plane as our (x, y) plane we have w=0 and (y, v) independent 
of z. We shall find it convenient to introduce the complex 
variable x+iy and as we shall not have occasion to use the 
symbol z in this section in its previous sense we shall denote 
x+iy by z. Assuming the fluid to be incompressible we have, 
from (6), the relation 


Ou dv 


25 —+}+—-= 
(25) Z tz 


> 
and if we further assume the motion to be irrotational we 
have 


(26) f=—-—=0 


The equations (25) and (26) are equivalent to the statement 
that u—iv is a function of z. We shall denote this function 
by w(z), since there is no possibility of confusion with the 
third velocity component which is now everywhere zero; 
w(z) is called the complex velocity. Upon introducing the 
function f(z) defined, save for an additive constant, by the 
equation 
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df 
(27) — = w(2), 
dz 
and denoting the real and imaginary parts of f by ¢ and y, 
respectively, we have, from (27), 
Og 0g 
(28) gee. a. es 
Ox “Oy Oy Ox 
Hence ¢ is the velocity potential and the level curves y = con- 
stant are the stream-lines. The function f is called the 
complex potential. The equations (28) tell us that the re- 
solved part v, of the velocity vector in any direction s is given 
by 


0 
<< ie. Sal 


Os a( +7) 
J 2 


Once the complex potential f is known the velocity com- 
ponents (z, v) follow upon differentiation and from these the 
pressure at any point may be calculated by means of (20), 
the motion being assumed to be steady. 


8. The Flow around a Circular Cylinder. We shall suppose 
that the cylinder, of radius @ and with generators per- 
pendicular to the (x, y) plane, has a uniform velocity of 
translation V making an angle —a with the positive x axis. 
The flow relative to the cylinder will, therefore, have a 
velocity V making an angle s—a with the positive x axis at 
points remote from the cylindrical obstacle. In other words 
the complex velocity w will have the value Ve**t® = — Ve 
at z= so that, at z=, f will have the form — Ve'z 
+terms whose derivatives vanish at z=. Since the 
circle in which the cylinder intersects the (x, y) plane must 
be a portion of a stream line, Y must be constant along it and 
this constant may be taken to be zero since f is undefined 
to the extent of an additive constant; hence the correspond- 
ence set up between points in the z plane and points of the 
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f=+iy plane is such that points on the circle in the z 
plane correspond to points on the axis of reals in the f plane. 
If the center of the circle in the z plane be denoted by 2» and 
if zotae® are two diametrically opposite points on the 
circle the relation 


f—fo c(: —Z— <) 

f+ fo z— Zo + ae* 
will set up a correspondence of the kind desired, the ends 
of the segment of the real axis in the f plane being denoted 
by + fo and C being a constant. In order that f may have 
the proper form, f= —Ve'*z+ --- , at ©, it is necessary 
that C=1 and 6=2z—a, fo=2aV. The terms in f whose 
derivatives vanish at z= © may include, since f need not be 
uniform owing to the fact that the portion of the z plane 
outside the circle is not simply connected, a term of the form 
A log (z—20); for if A is a pure imaginary, the imaginary part 
of A log (z—2Zo) is constant as we go along the circle in the z 
plane. If we write A= —iI'/(27), the quantity I will be 


the circulation around any closed curve in the (x, y) plane 
which enlaces the cylinder once and we have 





: a*e—@ iT 
(30) f=- v| — zo)ei* + =| — — log (z — 29). 

Z— Zo 2a 
We shall see in the next paragraph how [I is determined for 
obstacles with a sharp trailing edge. It was precisely this 
determination of T which constituted the first significant 
result belonging to what we have termed the modern period. 
On differentiating f it is seen that there are two points 
where w is zero. If [<4zaV, these two points are on the 
circle and are symmetrically situated with respect to the 
diameter of the circle which is perpendicular to the direction 
of flight. The two points are known as rest points and they 
are distinguished from one another by the terms front and 
rear. If the argument of the rear rest-point be denoted by 
a+£8 we have 
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(31) T = 4raV sin (a + 8B). 





9. Flow around an Airfoil. If we have an obstacle in the 
z plane which can be mapped on a circle in an auxiliary ¢ 
plane by means of a relationship of the type 


a de 
(32) f=st+—+—+:*-; 
yA 4 


which makes the points at © in the two planes correspond 
to one another, it is clear from (30) that the desired complex 
potential is given by 





(33) f= vi ¢ roe + | S ety =¥6 
f= c ojé a 9g 08S fo), 


where ¢ is defined by (32), a is the radius, and {> the center 
of the circle in the auxiliary plane. We shall be interested 
mainly in obstacles whose contour is of the type illustrated 
in Fig. 1; these have a cusp or sharp double point at the 
trailing edge T and so dz/d¢ will be zero there. Now the 
complex velocity 


and this will be infinite at the trailing edge unless df/d¢ is 
zero there. This condition suffices to determine the unknown 
circulation [T. Physically it amounts to saying that for a 
stream-lined airfoil the flow is smooth at the trailing edge. 
Geometrically stated, the rear rest-point on the circle in the 
auxiliary ¢ plane must be mapped on the trailing edge of 
the obstacle in the z plane. 


10. The Blasius Formulas for Lift and Turning-Moment. 
If ds’ denote the element of arc of any curve C’ enclosing the 
contour of the obstacle, the components of the force per unit 
length exerted on the obstacle by the fluid are, from (23), 
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F,= © f {ius + v7) — 2u(lu + mv) } ds’, 
24, 

F,= £ f {mu + v?) — 2v(lu + mv) } ds’, 
cl 


where (1, m) are the (x, y) direction cosines of the outward 
drawn normal to C’. Since 1=dy'/ds’ and m= —dx'/ds’, we 
readily find that 


_ i 
(34) F =F, — iF, = = ¢ oe. 
c/ 


This important formula, due to Blasius, enables us to write 
down at once F, and F, when the development of w? near 
z= © is known. 

Similarly the turning moment M, about an axis through 
the origin perpendicular to the (x, y) plane, of the forces 
exerted by the fluid on a unit length of the cylinder, being 
equal to 


< $i (xm — yl)(u? + 0?) — 2(xv — yu)(lu + mv)}ds’, 
cr 


is seen to be the real part of 


p 
_ < § sutds, 
2/4, 
that is, 


(35) M =R.P. (- 2G su%és). 
cl 


In order to apply these results we turn to (32) and (33). 
Thus, from 


a 
pas(1424---), 
z 
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whence 


d iT iT 1 
gf = — Vee — Ea (Var Se \ Bese; 














dg 2az 2x / 2 
Multipliying this by 
a a 
ot fee one, 
dz 3? 
we find 
Tfo se 
w= — Vee — — +[ Vate* — — avein) + ; 
242 Qn s* 
WVTeX 
w? = V%2ia 4 
4 
Fr iTS oVe* r 1 
- (—+ 2V2a? — —+ 2a,V%ete) — +--- 
Ar? T z 


From this expression it follows, by (34), that 
F=F, — iF, = — ipVTe*, 


(36) : ; 
F=F,+ iF, = iVle*. 


In other words the force per unit length exerted by the fluid on 
the cylindrical obstacle has the magnitude +pVT and 1s per- 
pendicular to the direction of flight, the sense of rotation from 
the direction of flight to the direction of the force being that 
of the circulation T. See Fig. 2. This force per unit length 
is called the lift per unit length and is denoted by L, so that 
we have the Kutta-Joukowski formula 


(37) L= pVr. 


If the potential function f were assumed uniform, I would be 
zero and there would be no force experienced by the obstacle; 
a result known as d’Alembert’s paradox. The component 
of the force in the direction opposite to the direction of 
flight is called the drag and the drag per unit length is de- 
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noted by D. We see, then, that the present theory gives 
D=0, which is not in accord with experience. It will appear 
in the next section that when account is taken of the fact 
that the length of the obstacle is not infinite this discrepancy 
can be removed. 









?? 


/ 


Ca ~ LED 












Fic. 2 


If we introduce the notation {9=me*, a,;= —b?e?*7, where 
m, 6, b and y are all real, it follows that 


M = pVI'm cos (a + 5) + 2xpb?V? sin 2(a + y), 


and hence the turning moment about the center {)9=0 of the 
circle in the auxiliary ¢ plane, the two planes being supposed 
superposed, is 


(38) Mo = 2xpb?V? sin 2(a + y). 


11. The Circular Arc and Straight Line Profile. The re- 
lationship (({—D)/(€+/))?=A (z—c/2)/(2+c/2), where A is 
any constant, maps a doubly covered circular arc through the 
points +c/2 in the z plane on a circle through the points 
+lin the ¢ plane. In order that the mapping may be of the 
type (32) we must have A =1, /=c/4 and the mapping is 

2 c? 


c 
39 = —— 9 = — —-— Se. 
(39) z +6 f=. i? 
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it being necessary to take that one of the two determinations 
of ¢ which tends to © with z. If we denote by 2¢ the angle 
of the circular arc, we have 
3 ic c 
(40) fo= dctne = —-ctne, aia ee — Oot, 
c? 


B = b? 0 
2 €, 16. a fey ’ 


so that, by (31) 


(41) I = acV csc e cos (a — €), 
(42) L = xpV%c cscecos (a —e), Mo = (xpc?V? sin 2a)/8. 


The distance h of the lifting force L=pVT from the center 
of the auxiliary circle is 


h=M,/L=c sin 2a sin ¢/[8 cos(a—e)]. 


The particular case where «= 7/2 is very important. Here 
we are dealing with a plane wing flying at an angle of attack 
a and we find 


(43) T=acVsina, L=xcpV? sina, h = ccosa/4. 


The number c is the length of the chord of the wing and the 
expression for h indicates that the point where the line of 
action of Z meets the chord, that is, the center of pressure, 
does not vary with a but remains constantly one-quarter 
of the length of the chord from the leading edge; for [> is now 
the middle point of the chord. The number c,=L/(3pV°c) 
is called the lift coefficient c, and we have the result that for a 
plane wing 


(44) Cr = 2rsina. 


For small angles of attack we may put 


(45) Cr = 2ra. 














310 F. D. MURNAGHAN [May-June, 


so that there is a linear relation connecting cz, and a. This 
prediction is verified by experience for angles of attack up 
to about 15°; but the factor of proportionality 27 is found to 
be about 40% too large. The reason for this discrepancy is 
that the wing is not infinite in length and a corrected ex- 
pression will be given in the next section. 


12. Joukowsky Profiles and their Extensions. The relation- 
ship between z and ¢ which is expressed by (39) maps the 
exterior of a circle through the points +c/4 in the ¢ plane 
upon the exterior of a doubly covered circular arc, with ends 
at the points +c/2, in the z plane. A profile suitable for air- 
foils is obtained if the same mapping relationship is applied 
to a circle through the point —c/4 but not through the point 
+c/4 in the ¢ plane. If the circle does not differ very much 
from the circle through the points +c/4 which maps into 
the doubly covered circular arc, the contour will have a 
rounded leading edge and a sharp trailing edge. A linear 
fractional substitution on a complex variable being re- 
solvable into a translation, rotation, reflexion in a line and an 
inversion may be called a generalized inversion and it is evi- 
dent that the mapping (39) may be written as 








c c 

mae eer 

(46) gv =f, f= , = 
+— r+— 

ie 4 


Now a generalized inversion sends circles into circles (straight 
lines being regarded as circles through the point at infinity). 
The generalized inversion in the ¢ plane, written down in 
(46), sends any circle through —c/4 in this plane into a 
straight line and this is sent by the square-mapping 2’=¢’? 
into a parabola in the z’ plane. The profile obtained is then 
the generalized inverse of a parabola. Such profiles are known 
as Joukowsky profiles. Generalizations are obtained by 
writing, instead of (46), 
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2 

(47) =f", 2/= us gg ee mi 
‘. c Me. 

+4 — ——_ 

n 2n 


which is of the form (32) near z=. This sends the exterior 
of a circle through the points +c/(2n) in the ¢ plane into 
the exterior of a region bounded by two circular arcs through 
the points +c/n in the z plane, the angle between the two 
arcs being (2—)z. By taking a circle in the ¢ plane through 
—c/(2n) but not exactly through +c/(2m) we obtain a profile 
with a rounded leading edge and a sharp trailing edge; it has 
the crescent formed by the two circular arcs as a “skeleton” 
just as the Joukowsky profile has the doubly covered circular 
arc as skeleton. The essential difference is that the trailing 
edge is now a double point of the contour and not a cusp as 
in the case of a Joukowsky profile. The new profiles are ob- 
tained by applying a generalized inversion to the curves 
obtained by applying the mth power mapping 2’={’" to 
a straight line (passing nearly through the origin) in the ¢’ 
plane. 


C. THe Inpucep DRAG oF A FINITE AIRFOIL 


13. The Formulas for the Lift and Drag. It has been seen in 
the previous section that when the length of the airfoil is 
assumed infinite it experiences, owing to the circulation 
around it, a force at right angles to the direction of flight; 
in other words there is a lift but no drag. In order to give 
an explanation of this discrepancy between theory and 
experiment Prandtl advanced the idea that since an actual 
airfoil is not infinite in length the circulation around it may 
vary from point to point along its length. Under this hy- 
pothesis the flow loses at once its two-dimensional character 
but it is assumed that the results obtained for the infinite 
wing may be used as first approximations; the fact that the 
circulation is not constant along the span of the airfoil 
introduces a correction to this approximation. To get an 
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estimate of the nature and amount of this correction we shall 
consider the case of a plane wing whose chord c is small in 
comparison with its length or span s and we shall suppose 
the airfoil sufficiently represented by its trailing edge (it is 
then called a lifting line). If we introduce a coordinate 
system with its origin at the middle of the lifting line 
(see Fig. 3), we may draw the x axis in the direction of 
flight, the z axis vertically downwards and the y axis along 
the lifting line. The circulation around the wing in any 
plane perpendicular to it is assumed to be a function I(y) 





























Fic. 3 


of y. If then we consider the ring-shaped area bounded by 
two closed curves enlacing the wing, one in the plane y and 
the other in the plane y+Ay, there will be a flux of vorticity 
through this area, outwards from the wing, of amount 
— (dT /dy)Ay. (See (8).) We assume that this flux is con- 
centrated at the trailing edge and is in the direction of the 
negative x axis, that is, is in the direction opposite to the 
direction of flight. Hence there will be a sheet of vortices 
trailing off from the trailing edge of the wing such that the 
strength of the vortices leaving an element Ay is— (dI'/dy) Ay. 
Now if we have a single rectilinear vortex filament of strength 
» in an indefinitely extended fluid which is at rest at infinity, 
the velocity distribution must be symmetrical around it and 
hence at a distance r from it the velocity must be of magni- 
tude u/(2rr). We assume that for a semi-infinite filament 
extending, as in the present case, along the negative x axis, 
the magnitude of the velocity at a point along the y axis 
distant r from the filament will be u/(47r). The direction 
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of the velocity will be that of the positive or negative z 
axis. This argument leads to the conclusion that the presence 
of the semi-infinite strip of trailing vortices induces at any 
point y of the lifting line a velocity w(y) in the direction of 
the z axis, that is downwards, of amount 





8/2 P 
(48) w(y) = — Seer ay. 
itd.n 9-3 

This assumption of an induced downwash is the cardinal 
one of Prandtl’s theory for the finite wing. For an infinite 
plane wing flying at a small angle of attack a with uniform 
velocity V an easy evaluation of the indeterminate form 
df/dz shows that the relative velocity of the wind at the 
trailing edge has the magnitude V cos a and the direction 
of the negative chord of the wing and for small angles of 
attack a this can be regarded as of magnitude V in the direc- 
tion opposite to the direction of flight. The net effect of com- 
pounding with this relative velocity V the downwash w 
is to rotate the relative velocity through the angle tan—!(w/ V) 
and since w is merely a small corrective term this can be 
equated to w/V. This rotation of the relative wind, due to 
the sheet of trailing vortices, may be regarded as equivalent 
to a rotation of the direction of flight through the same 
angle, that is to a diminution of the angle of attack (which 
is the angle from the direction of flight to the chord of the 
wing). The diminished angle a, is called the effective angle 
of attack (as opposed to the geometric angle of attack a,) 
and we have the equation 





- 
(49) Qe = ay — 7 

On making the assumption that we can apply the results 
developed for the infinite wing, once we have replaced the 
geometric angle of attack by the effective angle of attack, 
we find that the lift per unit length L’ at any point y on the 
span of the wing is given by 
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2 : v2-( ) 
oa 8- ——)}, 
7 3? Ag 


and on using L’=pVI and equation (48), we have the 
equation 
3/2 : F 

(50) ry) = ne, -— lier ay 

4 J_sj2 y-y’ 
for the unknown function ['(y). For a given airfoil both c 
and a, will be given functions of y; if a, is not constant the 
airfoil is said to be twisted. It is apparent from (49) that 
even when a, is constant a may vary owing to the possi- 
bility of a variable downwash w(y). This variability of a, is 
known as aerodynamic twisting of the airfoil. 

Since the lift experienced by an infinite wing is perpen- 
dicular to the direction of flight and since the effect of the 
downwash is to decrease, in effect, the angle of attackby w/V, 
the direction of the force at any point of the wing will be 
rotated through an angle w/ V from the direction of lift. It is 
this rotation of the direction of the force which introduces a 
component in the direction opposite to that of flight. Once 
I'(y) is determined from (50), the total lift ZL and drag D 
experienced by the wing are given by the expressions 


s/2 3/2 

(51) = ov f I'dy, D= of wIdy, 

—3/2 —s/2 
(where we have identified the sine of w/V with w/V). The 
drag D given by (51) is known as induced drag, it being a 
matter of experience that it is too small by a certain amount 
depending on the shape of the airfoil and known as the profile 
drag. 


14. The Solution of the Integral Equation and the Determi- 
nation of the Airfoil of Minimum Induced Drag having a Given 
Lift. In order to obtain a numerical solution of (50) we make 
the substitution y= —(s/2) cos 0, so that @ runs from 0 to 7 
along the span of the wing and imagine I'(y) = F(@) developed 
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in a Fourier sine series (in order that there may be no dis- 
continuity in I'(y) at the wing tips, y= +s/2, we must have 
I'(+y/2)=0). Writing this series as A; sin 0+Az2 sin 20 
+--+, we see from the fact that ['(y) is symmetric about 
the middle of the wing that Az=A,=Ag=--- =0. In 
actual calculations it will be sufficient to consider the four 
terms A, sin 0+A; sin 30+A; sin 50+A; sin 70 in the de- 
velopment of ['(y). A simple substitution in (50) and a 
knowledge of the fact that 





f cos nod sin 20 
9 


T 
cos ¢ — cos@ sin 0 


gives the equation 


(52) 7A. sin 00 oe 6+ nit = mcVa, sin 8 
1 2s 

for the determination of the coefficients An. On substituting 
the values 0 = 7/8, 0=7/4, 0=32/8, 0=7/2, in this and drop- 
ping the terms after A; we have four linear equations for the 
determination of the four coefficients A;, A3, As, and Az. 

The coefficients A, being supposed known, the expressions 
for the lift L and the drag D in terms of them follow readily 
from the formulas (51). We find 


T i] 
(53) Lu gwaJt Be “4 ynA?, 
1 


so that the lift depends only on the first term in the Fourier 
development of I'(y) =F(@). The downwash w is given by 


6A, sin no 
(54) w(y) = oe 
1 sin 0 
and the drag D by 
p c) 
(55) D= = ynA?. 
1 


It follows that D is a minimum, for a given value of L, when 
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the remaining coefficients A3, As, - - - after A; in the Fourier 
development of F(@), are zero. In this case the downwash has 
the constant value A;/ (2s) and there is no aerodynamic 
twisting of the wing. Since 


Ay2\ 1/2 
T'(y) = Aisin@ = Ai(1 - =), 
s 


the graph of I'(y) against y is an ellipse and the wing is said 
to be elliptically loaded. Since for an infinite plane wing the 
lift per unit length is, for a given angle of attack, propor- 
tional to the chord c (see (43)), we may surmise that an 
elliptically loaded wing would be approximated to by one 
whose profile is approximately elliptical. A criterion of good 
desigr of an airfoil is that, for a given L, D should be as 
small as possible and so for a well designed airfoil we may 
assume the loading approximately elliptical. 


15. Comparison with Experiment. For a finite wing hav- 
ing a constant chord c the ratio of the span s to the chord c 
is known as the aspect ratio. For a plane wing whose chord 
is not constant we first define the mean chord c as the quo- 
tient of the area S of the wing by its span s; then the aspect 
ratio A is the ratio of the span of the wing to its mean chord. 
Hence A =s?/S. The lift coefficient cz of the wing is defined 
by the equation 


(56) cr = L/(ZpV'S), 

and there is a similar equation defining the drag coefficient. 

For an elliptically loaded wing we have, by (53) and (56), 
WA 


(57) c= Ay, 
2Vs 





while the downwash w has the constant value 
(58) DS = =e 


Hence the diminution in the angle of attack, induced by the 
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trailing vortices, is c,/(7A). The total lift L of the wing is 


8/2 
2ra.3pV? f cdy = 2na,-}pV?-S, 


2/2 


so that c,=27a, and we have 
(59) Pe (1 + =) 
Qg = ae My = ae rts 


The aspect ratio of a wing is usually about 6, so that the lift 
formula for the infinite wing (using a,) might be expected to 
give a result which is too large in the ratio4:3. This is con- 
firmed by experience. 

The drag coefficient cp has, for an elliptically loaded wing, 
the value 7pA?/8 (by (55)) so that, by (57), 


(60) Cp = czr?/(wA) “ 


Hence a curve plotting D against L should be parabolic and 
this is verified experimentally; the actual curve obtained 
empirically indicates a relationship of the type 


(61) Cp = Co, + ¢1?/(xA), 


and cp, is called the coefficient of profile drag. The formulas 
(59) and (61) are of importance because they enable us to 
calculate the effect of different aspect ratios; thus for two 
airfoils having the same lift coefficient 


ee 6 ‘) re. S 
—_ =—(—-—-—]}, cp’ —-cp =—|———). 
" es zNA’ A 2 - a \A’ A 


D. ConcLuDING REMARKS 


In the present address, I have tried to present in an ele- 
mentary way some of those fundamental principles of modern 
hydrodynamical theory, which have proved useful in aero- 
nautics, in the hope of interesting some of our hearers and 
readers in these questions. It would be easy to point out 
many unsolved problems and indeed a casual reading of the 
previous sections will show that even in the most elementary 
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problems assumptions have continually to be made the 
legitimacy of which is at least not proved. We append a 
bibliography which has been deliberately restricted to those 
works which we would recommend to a student wishing to 
orient himself in the subject and to reach research problems 
as soon as possible. 
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EQUATION OF V%} IN Sp 


THE EQUATION OF THE V%{ IN S,* 


BY C. A. RUPP 


Segre, dealing with synthetic and enumerative geometry, 
has twice mentionedf that the manifold formed by all the 
lines of S, which meet n given S,_2’s isa V"}. In a recent 
article, Wong{ mentions that the equation of the general 
V~{ is unknown. It is the purpose of this paper to exhibit 
the equation. 

The method is the following: through a general point of 
one of a set of given S,_2’s is passed a line which is required 
to meet each of the remaining (n—1) S,_.’s. The eliminant of 
the system of equations thus set up is the desired equation, 
as will shortly appear. 

Let the equations of the m given S,_2’s be 


w= O0= 2 a;;x;, (¢=1,2,---,), (a4 =0). 
0 


T 


~ 
] 


Berzolari§ has shown that the above display does not par- 
ticularize the set of S,_2’s, but is a mere question of a suitable 
choice of the reference system. We shall need the Grassmann- 
Pliicker coordinates of the S,_2’s, that is, the two-rowed de- 
terminants from the matrices of the coefficients in their 
equations. In each set of coordinates we here find n(m—1)/2 
elements are zero; the remaining m are some of the numbers 
a;;, prefaced with a proper sign. 

Let y be the coordinates of a point on one of the S,_2’s, say 
the first one. We then have that 


aa 
(A) Hn = @, DL ay; = 0. 
=0 


* Presented to the Society, December 27, 1928. 

t Segre, Mehrdimensionale Réume, Encyklopidie, vol. III C7, pp. 815 
and 832. 

t Wong, B. C., this Bulletin, vol. 34 (1928), pp. 553-554. 

§ Berzolari, Rendiconti del Circolo Matematico di Palermo, vol. 29 
(1905), p. 229. 
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Let x be the coordinates of a point on a line through y, and 
distinct from y. The coordinates of this line may be de- 
noted by 

Pig = XiV5 — Xi, (i,7 = 0,1,- ~~ , m), (i ¥ j). 
The condition that this line meet an S,_2 is that the summa- 
tion of the product of corresponding coordinates vanish. 
When we stipulate that the line shall meet all the S,_2’s of 
the set, we adjoin to equations (A) the —1 equations (B), 
where 


j=n 


(B) D4iipi; = 0, (i =2,3, o++, #8). 
j=0 


When we eliminate y from the two sets of equations, the 
resulting equation in x represents the equation of the V4, for 
the line from x to y has been made to meet each of the m S,_2’s 
and is hence a generator of the V;_;. One may readily verify 
that the final form of the eliminant does not depend upon 
the particular member of the set of S,_2’s whereon one chooses 
to place the point y. 

If the interested reader will consider the following S;’s 
in Ss, 


H=%=0, ee = 24%3=0, 1 = x5=0, Xo = 2 =X, 


1 = X3 = 4X5, 


locate the point y on one of the S;’s, compute the coordinates 
of the line from x to y as well as the coordinates of the re- 
maining four 5S;’s, write down the four incidence relations 
that cause the line to meet the four S;’s, eliminate y from the 
set, and reduce, he will have the pleasure of finding the 
equation of a V¢ in S;; the result is 


O= xoX1X2X5 + XoXsX4Xs + X1X2XZ%X4 


— XX XeX4 — XRoXeX3gX5 — XiXeX4X5. 


THE PENNSYLVANIA STATE COLLEGE 
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A PARTIAL ISOMORPHISM BETWEEN THE FUNC- 
TIONS OF LUCAS AND WEIERSTRASS* 


BY E. T. BELL 


1. Introduction. In a former paper it was pointed out that 
certain identities in the theory of multiplication, real or 
complex, of elliptic functions, are of precisely the same form 
as others between Lucas’ U,, Vn. The latter were defined 
only for integer values of ” by Lucas as follows, 


a*— pB* 
<s 
where a, 8 are real or complex numbers such that a+f=p), 


a8 =q, where p, g are rational numbers. Hence Un, V, are 
rational numbers and are solutions of 


U,= 





, V, = a* + B*, 


Wate = PWazi = qWw,, 
with the initial conditions 
(Uo, U;) = (0, 1) ’ (Vo, V1) a (2, p) . 


It follows, as shown by Lucas,f{ that U,, V, are simply 
expressible as circular functions of a real or imaginary argu- 
ment, according as a/8 is imaginary or real. Thus every 
formula in elliptic functions will contain as a degenerate 
case one concerning the U,, V, functions, but this is not the 
isomorphism sought. 

We first generalize Lucas’ definition in one respect and 
specialize it in another, replacing m by the complex variable z 
and restricting g to be 1. We shall write the functions thus 
defined as 


Bs ae 


(1) U(s) =———-, Ve) =a'+a>, 


a— a! 





* Presented to the Society, December 31, 1928. 
t This Bulletin, vol. 29 (1923), pp. 401-406. 
t American Journal of Mathematics, vol. 1, (1878), p. 189. 
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where a, p are constants, real or complex, such that a+a™ 
=p. The principal determinations of exponentials and 
logarithms are to be understood. From U(z), V(z) we shall 
construct certain functions exhibiting a partial isomorphism 
with the o(z), ¢(z), (z) of Weierstrass. A complete isomor- 
phism is obviously impossible, U(z), V(z) being only singly 
periodic. 

To make the sense in which we are using isomorphism 
precise, we recall a well known theorem for the sigma 
function.* Let f’(z) denote the derivative of f(z) with 
respect to z, and suppose that f(z) satisfies the following 
conditions. 

(A) f(z) is a transcendental integral function of z. 


(B) f’(0) =1. 
(C) f(z + a)f(z — a) f(b + o)f(b — o) 
+ fle + Ble — bflc + a)f(c — a) 
+ fle + f(z — Of(a + b)f(a — b) = 0, | 
where z, a, b, c are independent complex variables. Then 
necessarily f(z)=o(z). If now f(z) satisfies (A) and (C), 
but not (B), we shall call f(z) a partial isomorph of a(z). 
As shown by Kronecker,{ the “three-term relation” (C) is 
formally equivalent to Jacobi’s formula for the multiplica- 
tion of four elliptic theta functions. Hence, if preferred, 
Jacobi’s relation may replace (C) in what follows. The 
notation sh x, ch x is used for the hyperbolic sine and cosine 
of x. 
2. The Functions d, u,v. With a, p as in (1), define the 
constants k, g by 





(2) k = loga, 2g = khsk, 
where hs x=1/sh x. Then p=2 ch k, and 
W(z + 2) —2chkW(z + 1) + W(z) = 0 


has the solutions W(z) = U(z), V(z). 


* Halphen, Traité des Fonctions Elliptiques, vol. 1, p. 187. 
+ Journal fiir Mathematik, vol. 102, p. 260. 
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Write ch x/sh x=cs x, and define the functions X, py, v by 





1 1 

(3) A(z) = 2f = y sh kz, 

(4) i = Baek, 
U*(z) 

(5) v(z) = Prd = kes kz. 
U(z) 


The hyperbolic forms can be verified by inspection from (2) 
and 


2 
(6) Tie) + sh ie FA eh Bk 


3. Correspondence between d, u,v anda, 9, €. Weshall now 
show that A(z), u(z), v(z) correspond, up to a certain point, 
to a(z), (2), ¢(z) respectively. Note first that \’(0) =1, so 
that §1 (B) does not hold. The addition and subtraction 
theorems for U(z) are 

2U(z + w) = U(z)V(w) + V(z)U(w) , 
as is evident from (6), and therefore, if K #0 and L are arbi- 
trary constants, and if for the moment we write W(z) 
=K U(z), we have the identity 


V(z) )? V(w) )? 
ee +1] 7 hae +1] 
? W(z + w)W(z — w) 

W2(z)W2(w) 





The correspondence will be effected by properly choosing K, 
L, as the last identity is of the same form as 
o(z + w)o(z — w) 


o°(z)o?(w) 





(D) e(z) — o(w) = — 


from which the three-term relation for o follows at once, in 
the usual manner, by means of the algebraic identity 
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(b — c)(d — a) + (c — a)(d — 6) + (a — d)(d — cc) = 0. 


The constants are determined by assuming W(z) to be the 
correspondent of o(z), and recalling the definitions 


(7) f(z) = o'(z)/o(z), e(z) = — ¢(z). 

A simple calculation gives the functions \(z), u(z), v(z) as 
defined in §2, (3)-(5). Hence, or directly from (3)-(5), 
we see that 

(8) A(z) satisfies §1 (A), (C), but not (B), so that X(z) ts 
a partial isomorph of a(z); 


(9) v(z) = N(2)/Az), wz) = — (2), 


corresponding to (7); 


(10) M—z)=—Az), v(—2)=—>r(z), w(—2) =x), 
corresponding to the like for a(z), €(z), e(z) respectively; 


(11) w’2(z) = 4u3(z) + 4hu%(z) ; 
and hence, if 0(z) =p(z) +k?/3, 
(12) 6’2(z) = 463(z) = k,0(z) = ke, 


corresponding to the Weierstrass normal form with the in- 
variants ky =4k*/3, ke =(—2k?/3)*. 

The consequences of this correspondence can be de- 
veloped indefinitely, without further computations. For 
example, since the correspondent of (D) is 


A(z + w)A(z — w) 
d?(z)d2(w) 





(13) u(z) — p(w) = — 


we infer the following correspondent for the addition theorem 
for the ¢ function in one of its usual forms, 
1 d [u'(z) F u'(w) 
us + w) = w(s) -— — [== |, 
2 dz L u(z) — w(w) 
and the like with @ in place of u. Again, since the limit of 
\(t)/t as t approaches 0 is 1, we divide (13) throughout by 
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z—w, take the limit as w approaches z, and find p’(z) = 
—h(2z)/Mé(z), the correspondent of g’(z) = —o(2z)/o*(z). 

If we wish to interpret this partial isomorphism in terms 
of Lucas’ U,, Vn, where ” is an integer, we may so do in the 
special case (cf. §1) in which g=1. The derivatives \’(z), 
u’(z), - - - are then replaced by their equivalents in terms of 
U(z), V(z) with z finally replaced by n. 


CavirorniA INSTITUTE OF TECHNOLOGY 





AN INEQUALITY FOR DEFINITE 
HERMITIAN DETERMINANTS* 


BY E. F. BECKENBACH 


The proof of M. Ragnar Frisch’s theorem,{ The absolute 
value of a symmetric, definite determinant of real elements 1s at 
most equal to the product of the absolute values of the elements 
of the principal diagonal, may be generalized to establish 
the following theorem of which the above is clearly a special 
case: The absolute value of a definite Hermitian determinant 
1s at most equal to the product of the absolute values of the 
elements of the principal diagonal. 

An Hermitian determinant 


(1) ae eee erry 


is a determinant such that 


hrs = Iher, (r,s =1,2,---,m), 





* Presented to the Society, February 23, 1929. 

¢ Sur le théoréme des déterminants de M. Hadamard, Comptes Rendus, 
vol. 185 (1927), p. 124. This is not a new theorem; see Bachmann, Die 
Arithmetik der Quadratischen Formen, 1923, pp. 250-251. It is more the 
method of proof than the result that makes Frisch’s paper of interest. 
Though Bachmann does not give the generalized proof of the present paper, 
his proof holds equally for it. 
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where h,, designates the conjugate imaginary of h,,. A 
definite Hermitian determinant is an Hermitian determinant 
such that the corresponding Hermitian form 


(2) h= D> Inex ks; (kre = heer), 
r s=1 
is definite. The reader may readily verify the fact that an 
Hermitian form can never take on a complex value. An 
Hermitian form which is positive (negative) or zero for all 
values of the variables is said to be positive (negative) 
definite; in either case, the form is said to be definite. 
We can suppose the definite form (2) corresponding to 
the definite determinant (1) to be positive definite, for other- 
wise we could consider the form 


—h= Do (hn) Es, (Ire = Iter), 
rT ,s=1 
which would be positive definite, and whose corresponding 
determinant would be equal in absolute value to H. And we 
can suppose the form to be non-singular, for if the deter- 
minant were equal to zero the theorem would be trivial. 
The determinant 


hy —z hy» e-=-5 hin 

he hoe = r h n 
PE cic toda ee pies 
| Nn Nnz Use —d 


may be expanded into a polynomial in \ of degree m, where 
the constant term, H, is unequal to zero. Hence we can con- 
struct* 


(3) PE ss Bes. 
00) 


where P(A) and Q(A) are polynomials in X and P(A) is of 





* See Bécher, Introduction to Higher Algebra, pp. 297-299. 
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degree less than 7. As is well known,* the roots of the charac- 
teristic equation, 


F(s) = 0, 
are all real and greater than zero. Note, then, in the above 


construction, that the coefficients in P(A) are all real. 
Let 


Vint Bos | es 
be the matrix corresponding to H. By a fundamental 
theorem, f 
F(M) = 0. 
Hence, (3) gives 
(4) [P(M)|? = M. 
It is easy to show that P(M), being a polynomial with 


real coefficients in an Hermitian matrix, is itself an Her- 
mitian matrix of the same order. Now let 


bu Sey bin 


Then from (4), 
hi = > b:;bi;, (t= 1 a4 a ie a) 
j=1 : 


Whether the form is positive or negative definite, we still 
have 


(5) mod hi = db:ibi;, (i= Be nei ae; 
j=l 


where by mod h;; we mean the modulus, or absolute value, 
of hii. 
*See Kowalewski, Einfiihrung in die Determinantentheorie, Leipzig, 


1909, pp. 280-284. 
+ See Bécher, loc. cit., p. 296. 
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I am indebted to Professor H. E. Bray for the following 
proof of Hadamard’s Theorem. Given the matrix of real or 


complex elements 


ay ) 


ae 


Q 
Il 


, “g= (a1, a2, tite” Qin); 


consider the matrix 








where 


We note that 
[8] =|e|. 


Choose the ry so that, for given 7 and all j <z, 
(6;,B;) = Babs + BiB j2 +--+ + BinBin = 0. 
That is, 
= = i = = 
([ Dewi + «|, ii) = k(B;,B;) + (a:,B;) = 9, 
lai 


or _ 
LZ (ai,B;) : 
(6;,B;) 


i 





Hence 


‘—1 i-1 
DLki (a; ,B;) 2 = DA: E, (6;,B;), 
j=l 


j=l 
which is real and negative. Now 


0 < (6;,8;) = ({ 2B; + «|| Skis; +a), 


j=1 j=1 
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whence Se = 
0S (6:8) = ke hs (6;,8) + ks (ai,B) 
i=1 j=l 
i-1 
+ Doks (&:,B;) + (as, %) 
j=1 
i-1 
= (a;,a:)) — Doki ks (6;,B)) S (ai,&,). 
j=l 
But 
|o|-|a| =|6|-|8] = []6:,8). 
Hence 
[a] -|a| < [[(a,a,), 
ix 
or 


mod|e| $ T][(a:,a)]". 
t=1 


This inequality expresses Hadamard’s Theorem: The ab- 
solute value of any determinant is at most equal to the product 
of the norms (either horizontal or vertical) of the determinant. 
The quantities 
n 1/2 
+ [(ai,a)]}"?, or +( Zz a2) » (= 1,2, --- 0), 
j=1 
are called the horizontal norms of the determinant |a|, and 
a similar definition holds for the vertical norms. 
Applying this theorem to the determinant |P(M) |, we 
get 
(6) mod| P(M)? < T] ( Dbiibu). 
t=1 j=1 


Equations (4), (5), and (6) give 
mod H S [J (mod hii). Q.E.D. 
t=1 


THE Rice INSTITUTE 
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A THEOREM CONCERNING SIMPLY TRANSITIVE 
PRIMITIVE GROUPS* 


BY W. A. MANNING 


The theorem here presented has evolved by easy stages 
from a paragraph in Jordan’s Memoir on primitive groups.t 
In the discussion of a particular class of simply transitive 
primitive groups, he showed that the degree of a doubly 
transitive constituent of the subgroup leaving one letter 
fixed cannot be greater than the sum of the degrees of all the 
other transitive constituents. 


THEOREM. Let H be the subgroup that fixes one letter of a 
simply transitive primitive group. If one of the constituents of 
His a doubly transitive group of degree m, there is in H a transi- 
tive constituent whose degree is greater than m and divides 
m(m—1). 


Let G, of degree m and of order nh, be the given simply 
transitive primitive group. Let H, the subgroup of G that 
leaves the letter x fixed, be denoted by G(x). 

Let it be assumed: (1) that G(x) has exactly k similart 
doubly transitive constituent groups: A on the letters 


1, @2,° °°, Om; Bon by, be, ---, bm; --- ; K on ky, ke, ---, 
km; (2) that G(a;) has k—1 doubly transitive constituents: 
B, on 6, de, - > + , Gm; Ci ON Gy, be, -->- , Ons: >> 3 Ky on Ry, 


2, , jm; (3) that m is greater than km+1. These assump- 
tions, when k=1, reduce to the hypothesis of our theorem. 
We wish to prove by induction that there is a transitive 


cee oe 





* Presented to the Society, April 6, 1928. 

+ C. Jordan, Bulletin de la Société Mathématique de France, vol. 1 
(1873), p. 198, §64. : 

Manning, American Journal of Mathematics, vol. 39 (1917), p. 298; 
Transactions of this Society, vol. 20 (1919), p. 66; Primitive Groups, 1921, 
p. 83; Transactions of this Society, vol. 29 (1927), p. 821, §8. 

t Manning, Transactions of this Society, vol. 29 (1927), p. 821, §8. 
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constituent of some degree yw in G(x) such that p divides 
m(m—1) and is greater than m. 

The letters of G are supposed to be so chosen that each 
substitution of G(x) permutes the m subscripts of the letters 
of the similar groups A, B, - - - , K in exactly the same way. 

The subgroup G(x)(a:) of G(x) (that fixes a;) is of order 
h/m. The subgroups G(x)(a;) and G(a;)(x) are identical, and 
therefore in G(a;) x is a letter of a transitive constituent of 
degree m. G(ai)(x)(=G(b:)(x) =G(a) (x) = - - - =G(h:)(x)), 
because of assumption (1) has & transitive constituents of 
degree m—1 each on the letters de, a3, --- , dm; be, b3,---, 
bm3- ++ 3 Re, Rs, > ++, Rm, respectively. Since G is primitive, 
{G(x), G(a;)} =G, and therefore G(a;) cannot have a transi- 
tive constituent of degree m—1 on the letters ke, k3,---, km, 
nor a transitive constituent of degree m on the letters x, 
ko, > ++, Rm. In G(a;) the letters ke, kz, --- , Rm all belong to 
the same transitive constituent of unknown degree u(=m). 
Then G(a;) (ke) is of order h/p and if x belongs to a transitive 
constituent of degree 6(21) in G(a:)(ke), G(a1)(ke)(x) is of 
order h/ys. Then since G(x)(a:)(ke) =G(x)(ki) (ke), h/pd 
=h/[m(m—1)], and p divides m(m—1). Either our theorem 
is proved or w=m. If pw=m, G(a,) has this transitive con- 


stituent (Z;) on the letters 1;, ke, ---, Rm (where 14x); Li 
is doubly transitive because it contains a transitive subgroup 
of degree m—1 on ko, kz, --- , Rm. 

The substitution (a,a;---)--- of G(x) transforms G(a:) 
into G(a;) and L, into L;, a doubly transitive constituent of 
G(a;) on the m letters /;, ki, ke, - ~~ , Ri-s,Rii, + + +, Rm (ix). 


Nor is /;=1,, for if it were, {G(a), G(a;)} would have a 
transitive constituent of degree km+1(<z) on the letters 
Q;, Q2,---, Rm, lh. Then 1, b,---,1m are the letters of a 
transitive constituent L of G(x). Any substitution of G(x) 
that replaces a; by a; replaces 1, by 1;, so that the substitutions 
of G(x) permute the letters of A and the letters of L in exactly 
the same way. The groups A and LZ are similar. 

Suppose now that 2 =(k+1)m+1. Then G(a;) has a transi- 
tive constituent X, on the m letters x, Js, -- +, lm. G(a:)(x) 
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(=G(b,)(x) = - - - =G(lL)(x)) has k+1 transitive constituents 
ON Gs, G3, ° °° , Gm; be, Bs,°--, bus---3 and h, k,---, dm. 
No two of the groups G(bi), G(c:), -- - , G(:) can have the 
transitive constituent dz, a3,--- in common. Because B, 
(on by, d2,--- , 4m) is in G(a;), in one of these k groups x, 
d2,°* +, Gm are the letters of a doubly transitive constituent. 
Let these subgroups be transformed by (x)(a:a2 - - - ) - - - into 
G(be), G(c2), - - - , G(). One of the transformed groups has a 
doubly transitive constituent on the letters x, a1, a3, - - + , Gm, 
and therefore contains a substitution S = (xa) - - - which per- 
mutes the letters a3, a4, - - - , dm among themselves. Then S 
should transform the constituent A of G(x) into the constitu- 
ent X, of G(a,); but this, because m =3, S cannot do. Hence 
n>(k+1)m+1. We have shown too that G(x) has k+1 


doubly transitive constituents A, B,---, LZ whose letters 
are permuted by G(x) in exactly the same way, and that 
G(a;) has k transitive constituents B,, C,,---, Z1. Thus the 


three conditions of our assumption are reproduced with k+1 
replacing k. 

Since 1 is finite, this process can lead only to the conclusion 
that the degree of some transitive constituent of G(x) is 
greater than m and divides m(m—1). 


STANFORD UNIVERSITY 




















A THEOREM OF KUMMER’S 


A THEOREM OF KUMMER’S CONCERNING THE 
SECOND FACTOR OF THE CLASS NUMBER 
OF A CYCLOTOMIC FIELD* 


BY H. S. VANDIVER 


Kummer? in a letter to Kronecker dated December 28, 
1849, gave without proof the result that if 


E, = €§ 3 § = 14+ sr-2™ + 527-49 4 gl) /2y--4) 





and 
mene =m fmr)\\ 1/2 
ie ( ma-¢ ) : fo = etixll 
(1 — 3)(1 — ¢-9) 
and 
(I—3)/2 
(1) II 47 =7' 


t=1 


where 7 is a unit in the cyclotomic field defined by ¢, then 
each E% is the /th power of a unit in the field, the a’s being 
rational integers. Kummer refers to this result as follows:. 

“Sehr wichtiger Satz, welcher eine grosse Schwierigkeit 
hebt.” 

In the above statement the Kronecker-Hilbert{ symbolic 
powers are employed; r is a primitive root of the odd prime / 
and s stands for the substitution (¢/¢7). These symbolic 
powers have the following properties.§ If we denote by w; 
the integer in the field k(¢) obtained from the integer w=wo 
by means of the substitution ({/¢") then we write 





* Presented to the Society, New York, March 30, 1929. 

¢ Abhandlungen zur Geschichte der Mathematik, vol. 29 (1910), pp. 
84-85. 

t Hilbert, Die Theorie der Algebraischen Zahlkérper, Berichte der 
Deutschen Mathematiker-Vereinigung, 1894, p. 271. 

§ Landau, Vorlesungen tiber Zahlentheorie, vol. 3, pp. 253-4, proves 
analogous properties for a field relative to k (¢). 
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wen” - - - art? = wF), 


the b’s being rational integers and 
F(s) = bo + bis + dos? + --- + Byes*?. 
It then follows that 
(wF (#))G(s) = wF (2)G(s) | 
Employing this relation we shall now prove Kummer’s 

statement. A direct application of it gives 

— 7 a’, 
and 

Ev = eo 
where the 7’s are units in k(¢). Applying the last equation 


to (1) we may write after employing the substitution s°, 


(1-3) /2 


II E;2i7"*° a ¢! 
’ 
i=1 


where £ is a unit in k(¢). We obtain (/—1)/2 equations by 
taking c=0,1,2,---, (J—3)/2. Raising each equation to the 
power 7~*?, the c’s varying as to the particular equation used, 
we then obtain 


-tc(i—d) 
ey Tey" = 


where the product ranges over the values 7=1, 2,--- 
(1—3)/2 excepting d. 
Multiplying the (/—1)/2 equations together we obtain 
Ege"? TL Es = ¢t, 


where 
rl 


” flO) 1 
The numerator of this fraction is divisible by / and the 


denominator is prime to / since (¢—d) is not divisible by 
(I—1). Hence we have 


(l-1)/2 
Eq = &,!. 
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Raising each side of this equation to the power /’ where 


1-1 
l’—— =1, (mod J), 
2 
we have Kummer’s result for d=1, 2,-- +, (J—3)/2. 

I think it highly probable that Kummer encountered this 
question in connection with a problem involving the second 
factor of the class number of k(¢). I shall prove in another 
article that if the second factor of the class number is divisible 
by /, then (1) holds with not all the a’s divisible by /. A some- 
what similar result is proved by Hilbert.* 


THE UNIVERSITY OF TEXAS 





ON THE RANK EQUATION OF ANY NORMAL 
DIVISION ALGEBRAT 


BY A. A. ALBERT 


1. Introduction. The different types of normal division 
algebras which have been discovered up to the present de- 
pend upon equations with different groups. It has been 
thought that, as the rank equation of an algebra is invariant 
under a change of basal units, the groups of the rank equa- 
tions of these various types of algebras might serve to show 
their non-equivalence. This notion is shown to be false here, 
as the group of the rank equation of any normal division 
algebra is the symmetric group. In proving this theorem a 
new theorem in the Hilbert theory of an irreducible poly- 
nomial whose coefficients are rational functions, with co- 
efficients in any infinite field K, of several parameters is 
developed. 


2. General Theory. We shall first give several presupposed 





* Loc. cit., pp. 435-437. 
+ Presented to the Society, December 27, 1928. 
t National Research Fellow. 
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results as lemmas. Lemma 3 is an immediate consequence 
of Lemmas 1 and 2. 


LEMMA 1. The group of the general equation for the field 
K determined by its coefficients and any constants finite in 
number is the symmetric group. 


LEMMA 2. THE HILBERT IRREDUCIBILITY THEOREM. Let 
K be any infinite field. Consider the equation 


(1) f(a; Au, ahaa taae ,) = x” + Fi(Ai, oS ae da! + all et 

+ F,Qu, oe ae SS dy) =0, 
where FM, - ++, X-) are rational functions, with coefficients 
in K, of the independent parameters \y, - - - , ry. Let the group 


of f(x) with respect to K(u,---, Ax) be I. Then there exist 
an infinity of rational values of the parameters \uy,---, Xs, 
such that the resulting numerical equation has the group T 
with respect to K. 


LEMMA 3. There exist an infinity of equations with leading 
coefficients unity and further coefficients in K such that the 
group of each equation with respect to K is the symmetric group. 


LemMA 4. Let A be the algebra of all n-rowed square matrices 
in K. Let 


(2) ow) =o" + aw"!+---+a,=0 


be any equation of degree nin K. Then there exists an element 
of A whose characteristic equation is $(w) =0. 


Proor. The matrix (A;;| 7, 7=1, 2, ---, m), where 
AG; = —ay;, G=1, 2, eeciiaes n), 
Ai, = 1, (¢=1,2,---,m—1), 


and all other elements are zero, has for its characteristic equa- 
tion o(w) =0. 

As a consequence of these lemmas we have the following 
theorems. 


THEOREM 1. There exists an element of A, the algebra of 
all n-rowed square matrices with coefficients in K, whose mini- 
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mum equation has degree n and the symmetric group with 
respect to K. 


THEOREM 2. Let f(x; i, - +--+, A,)=0 be an equation (1) 
with group T. LetrXi,---,d/ be any set of scalars and let 
the resulting numerical equation 
(3) flesal,°°>, de) B= a* + ax" +---+4,=0 
have the group To with respect to K(M,--~+,d-). Then To 
is a sub-group of T. 

Proor. Form all permutations 7, i2,---, 7, of the 
numbers 1, 2, - - - , . Consider the product 


P=I(u + x4, + +++ + %i,tn) 


taken over all such permutations of the roots 1, - - - , x, of 
(1). This is a polynomial with coefficients in K(Au, - - - , Ay) 
of the indeterminates u, #1, ---, Un. Let G(u, m1, -- +, Un} 


My,°**,A,-) be any factor of P with coefficients in K 
(\y, °° +, A,), irreducible in K(Ay, ---,A,). Then the groupT 
of the equation f(x; Xs, - - - , A,) is defined as the set of all 
permutations leaving G unaltered. If we replace the in- 
determinates x, ---, A, by Av, ---, A? as in the theorem 
and consider the equation f(x; Ai, ---, Av) =0, we shall 
obtain its group by finding all permutations leaving any 
factor g of G(u, m,---+, Un; A,---+, A), having coeffi- 
cients in K(\j, - - - , A/) and irreducible in K(\/, - - - , A/), 
unaltered. But the group of f(x; Ai, --- , Ay) is unique, and 
hence any permutation leaving g unaltered leaves any of the 
other factors of G(u, %,---, tn; Av,--+,Ar) unaltered 
and hence the product G(u, m1, -- - ; Un, Av,-°-,Ar). Hence 
all substitutions of Ip leave G(u,---, tn; Av,-+-, Ar) 
unaltered. The number of permutations that leave 
G(u, u1,- ++, Un; Av,°---, A) unaltered is not greater than 
the number leaving G(u,---, tn; 4,--+,A,r, unaltered 
since the degree of both polynomials in the indeterminates 
Uy, °**,U,isthesame. Hence the only substitutions leaving 
G(u, --+,UnjM,---+,A,) unaltered are substitutions of I. 
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Hence the substitutions of I’) are substitutions of T and Tp) 
is a subgroup of [. This leads to the following conclusion. 


THEOREM 3. Let D be a normal division algebra in n? 
units over a field K. Then the group of the rank equation of D 
is the symmetric group. 


Proor. Let x => 7% , £;u; be an element of D whose coordi- 


nates £,---, £2 are independent variables in K and let 
Rw; &,---,&2)=0 be the rank equation of D. Then 
R=0 is an equation with leading coefficient unity and further 
coefficients polynomials in &,---,£&:2 with coefficients 


in K, and the degree of R is nm. Let K’ be an extension of 
K such that the algebra D’, with the same basal units as D, 
is equivalent, by a transformation of basal elements, to the 
algebra of all m-rowed square matrices with coefficients in K’. 
This can be done by the adjunction of a finite number of con- 
stants to K.* It is also easily shown that the rank equation 
of D’ is R(w; &/,---, &2)=0, where &/,---, £1. are in- 
dependent variables in K’. 

By Theorem 1, D’ contains an element y whose minimum 
equation is of degree » and has the symmetric group with 
respect to K’. Let y =>, é/u; Then the minimum 
equation of yis R(w; Ee te » £5) =0. Hence for some values 
of &,---, &2 in K’ the group of R(w; &,---, &) with 
respect to K’ is the symmetric group. Again, by Theorem 2, 
the symmetric group is a subgroup of the group [I of 
R(w; £1, ---, &:2) with respect to K(&,---,&,2). Hence T 
is the symmetric group. This proves the theorem. Asa 
corollary we have the following result. 


COROLLARY. Every normal division algebra in n? units over 
K contains an infinity of elements whose minimum equations 
each have degree n and the symmetric group with respect to K. 


PRINCETON UNIVERSITY 





* L. E. Dickson, Algebren und thre Zahlentheorie, p. 137. 
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ON THE NUMBER OF APPARENT TRIPLE 
POINTS OF SURFACES IN SPACE 
OF FOUR DIMENSIONS 


BY B. C. WONG 


Two hypersurfaces in 4-space of orders yp and v respectively 
intersect in a surface F of order wv. F has a certain number 
H of apparent triple points, that is, lines that can be drawn 
through a given point meeting F three times. If F degener- 
ates into an F, of order m,; and an F, of order mz where 
m,+m,=pv, then H is the sum of the numbers ho, he, hie, 
hos, where h;; is the number of lines that pass through a given 
point and meet F; i times and F,7 times. It is the purpose of 
this paper to determine H and, if F is composite, to deter- 
mine the distribution of the h;; lines. 

The formula for H can be readily obtained by calculating 
the order of the restricted system of equations resulting from 
imposing upon two binary equations of orders yp and rp re- 
spectively the conditions that they have three common 
roots.* But this method does not offer a ready means for the 
determination of the distribution of the h;; lines if F is com- 
posite. The following method seems well adapted for the 


purpose. 

Suppose, temporarily, that. the two hypersurfaces giving 
F be composed of u and v hyperplanes az, B:[k =1, 2,---, w; 
1=1, 2,---,v]. Then F is made up of py planes ar6;. We 


construct the rectangular array 


ai8; a8; 381°: - abi 
aiB2 aeBe asBo-- - a,Be 
(A) a1B3 aeB3 asB3-- - a,B3 


a8, 2B, asBy-- - auBs 
* Salmon, Modern Higher Algebra, 4th ed., Lesson 19. 
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and interpret it as the symbolic representation of F, proper 
or improper. In this interpretation we remove the assump- 
tion that the hypersurfaces are composed of hyperplanes and 
the a8; are to be regarded as mere symbols. 

Each of the constituents of the array (A), taken alone, 
represents a plane. A pair of constituents represents a 
quadric surface or two incident planes if the constituents are 
in the same row as a8), a28; or in the same column as a,j, 
a,82; two non-incident planes if they are in different rows and 
columns from af), a@282. Three constituents in the same row 
as 0:8;, 08, a3q1 or in the same column as af, aiBe2, a8; 
represent a cubic surface lying wholly in an S;: if the con- 
stituents are such that one of them lies in the same column 
with another and in the same row with the third as app, 
a8, Q28;, the cubic surface is a 4-space surface. Three non- 
incident planes are represented by three constituents all in 
different rows and columns from a;f;, 282, 0383. Since from a 
given point only one line can be drawn meeting three non- 
incident planes each once, the presence of such a triple of 
constituents, all lying in different rows and columns, in the 
array means the presence of an apparent triple point on F. 
The total number of possible triples of this sort in (A) is the 
total number of possible apparent triple points of F and the 
formula for this number is evidently 


(1) H = po(u — 1)(u — 2) — 1) — 2)/6. 


Now if F is composed of an F, of order m, and an F, of 
order mz, the constituents of (A) are divided into two groups: 
one of m; constituents representing F; and the other of mz 
constituents representing F,, Then hgo is the number of 
triples of constituents lying in different rows and columns of 
the first group; /o3 the number of similar triples in the second 
group; fa, the number of triples each consisting of a pair of 
constituents in the first group and one constituent in the 
second; h,2 the number of triples each consisting of one in the 
first and two in the second. Evidently H is the sum of all the 
h;;, that is 
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(2) (my + m2)(u — 1)(u — 2)(v — 1) — 2) 
= 6(h30 + har + Iz + hos). 


From the very nature of the case we have also 


(3) my (ue — 1)(u i 2)(v = A)(v So 2) = Aoh30 + ayho, a bhi, 
m( _ 1)(u = 2)(v = 1)(v = 2) = Aoho3 + Ashi. + bhu, 


and 
(4) (my — m2)(u — 1)(u — 2)» — 1) — 2) 
= ao(hso — hos) + a;(he: — hy2), 


where do, a; are numerical constants, b is a function of uw and 
vy, and hy is the order of the cone of lines through a given 
point meeting F, and F; each once, or the number of apparent 
intersections of the sections of Fi and F2, by an S;. The 
values of do, a;, being independent of yu and »v, can be deter- 
mined without difficulty. If we put m,=0, and consequently 
m, = py, hos = he = hy =0 in (4), we have h3p =H and ay=6. To 
determine a; let F, be of order », represented by a row of con- 
stituents in (A). Then m, =py—p, me=p, h3o=p(u—1)(u—2) 
* (v—1)(v—2)(v—3)/6, hor =p(u—1)(u—2)(v—1) (v—2)/2, 
hoz =hyz=0. Substituting in (4), we find a, =2. To determine 
b, it is only necessary to make m.=1. Then h39.=h»=0 and 
hy =(u—1)(—1). Substituting in the second of (3), we ob- 
tain b=(u—2)(v—2). Then (3) and (4) become 


m(u — 1)(u — 2)(v — 1)(v — 2) 

= 6hso + 2her + (u — 2)(v — 2)hu, 
m(u—1)(u—2)(v—1)’—2) | 

= 6hos + 2hy2 + (u — 2)(v — 2)hu, 





(5) 


and 

(6) (m, — m2)(u — 1)(u — 2) — 1) — 2) 
= 6(h30 — hos) + 2(her — fiz). 

From (2) and (5) we obtain 

(7) 2(har + haz) = (u — 2)( — 2)hun, 
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(8) (mi + mz)(u — 1)(u — 2)( — 1)(v — 2) 
= 6(hs0 + hos) + 3(u — 2)(v — 2)hu. 
From (5), (7), (8) one can calculate the h’s if any two of 
them are known. From the divided array representing the 
degenerate F it is not difficult to obtain the values of two 
of the h’s. Take a simple illustration. Let n=v=3 and 
m,=6, m.=3. If F; is symbolized by 
2:8: af, asf; 
a8, Be 
a83 
and F, by 


asB2 
283 asB3 
then we have, by inspection, h39=1, hon; =0. Either from the 
formulas or by further inspection we see that hy =10, 
hy =4, hy =1. 

It is to be added that the method outlined above, applied 
to r-space, enables us to show that the number of apparent 
(r—1)-fold points of an (r—2)-dimensional variety which is 
the intersection of two hypersurfaces in S, of orders » and v 
respectively is 


mn v 
Pate ( = rE = ) 


The same process of reasoning yields the following formulas 
analogous to (5) and (6): 
m(u — 1)!(» — 1)! 

(u—r+i)!’—r+ 1)! 
m2(u — 1)'(v» — 1)! 

(u—r+i1)!’—r+1)! 


(m, — m2)(u — 1)» — 1)! 
= (ler s—1,6 — Me rs 
G-r+Do-reD ) 





t-1 s 
= Sakis + Dodshis; 
=0 


j=1 





t—1 u 
= Doashs is + Lebihii; 
i=0 


j=l 
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where t=(r—1)/2 if r is odd and (r—2)/2 if ris even. There 
is no difficulty in calculating 

a; = (r — 2)\(r — 27 — 1), 


but some difficulty is encountered in calculating 0; which are 
functions of w and v. The following are some of their values: 





bb = (u — 2)" — 2)!/D, 
b= Au —4)"v — 4D, 
bs = 72(u — 6)(v — 6)!/D, 
b, = 2880(u — 8)'(v — 8)!/D, etc., 


where D=(u—r+1)!(v—r+1)! 
For r=3, a9 =2, 6; =1 as is well known.* For r=4, ao=6, 
a,=2, b, =b=(u—2)(v—2) as we have seen above. 


THE UNIVERSITY OF CALIFORNIA 





* Salmon, Analytic Geometry of Three Dimensions, 5th ed., vol. 1, pp. 
357, 358. 
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ON THE INDEPENDENCE OF THE FIRST AND 
SECOND MATRICES OF AN ALGEBRA* 


BY C. C. MACDUFFEE 


1. Introduction. It is well known] that every linear 
associative algebra with a principal unit (modulus) is iso- 
morphic with the algebra of its first matrices, and also with 
the algebra of its transposed second matrices. If the algebra 
has no principal unit, it can be represented as a matric 
algebra of (n+1)th order matrices. 

The condition that the algebra have a principal unit is not, 
however, necessary in order that the algebra be isomorphic 
with the algebra of its first or second matrices, as can readily 
be seen from examples. In this paper necessary and sufficient 
conditions for this isomorphism are obtained. 


2. The Correspondence of Poincaré. Consider a linear 
associative algebra A over a field § with m basal numbers ¢,, 
€2,°°*, €n, the constants of multiplication being cj. Let 
us denote by R; the matrixt (cz,), and by S; the matrix 
(c-is), Where r determines the row and s the column in which 
an element stands. 

The conditions for associativity in % may be written§ 


(1) Dveislien = Dicsster, (5,f,7,5 = 1,2,---, 2). 
k k 


If we form the matrices in which the respective members of 
the above equation stand in the rth row and sth column, we 
have 
RR; = DicinRe. 
k 





* Presented to the Society, Chicago, March 30, 1929. 
7 L. E. Dickson, Algebras and their Arithmetics, Chicago, 1923, p. 96. 
¢ R; and S; are the first and transposed second matrices, respectively, 
of e;. Dickson, loc. cit., p. 95. 
§ Dickson, loc. cit., p. 92. 
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We may also write conditions (1) in the form 
DVocrincese = DV ciselree, 
k k 


whence it follows that 


SS; = Deis. 
k 


Thus both R; and S; are isomorphic under multiplication 
with the basal numbers ¢;. 
Every number a of & can be written 
@ = Gye; + d2e2 + +++ + Gnen, 

where the a; are in §. We define the first matrix R(a) of a 
by the equation 

R(a) = a,Ri + a2Re + +--+ anRn, 
and the second matrix S(a) by 

S(a) = aS, + a2S2 + +++ + anSn. 


Thus the algebra & is isomorphic with the algebra of matrices 
R(a) if and only if R;, Re, - - - , R, are linearly independent, 
and isomorphic with the algebra of matrices S(a) if and only 
if S,, So, ---, S, are linearly independent. 


3. Two Invariants. If we apply to the basal numbers ¢, 
€2, °° +, €, the linear transformation 


(2) e= Doazef, 6= | ar, | ~0, 
i 


with coefficients in §, the constants of multiplication are 
subject to the induced transformation* 


(3) Licrsidisj = ya ae (r,s,j=1,2,---, n). 


P.@ 
This may be written 


, 
Misr = ; Ali eatlses 
p.a.t 





* For example, see MacDuffee, Transactions of this Society, vol. 31 
(1929), p. 81. 
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where A,; denotes the cofactor of a,; in A =(a,,). Then 
(4) R; = A-\(2,a;pR;)A, (i= 1,2, °° » m), 


where A is the transpose of A. 
If we denote by 


(5) DksRi=0, (i =1,2,---, 9), 
7 


a maximal set of linearly independent linear relations among 
the R;, we have 


Ap DkisaRi A = 0, 
hij 


so that 


¥ (Levon) RK = 0, (i = 4,2, °**% p). 
2 


h 
Since 


( Deion) = (ky)A, 


and the matrix (k,,) of p rows and columns is of rank p, we 
see that there are at least p linearly independent linear 
relations among the matrices Rj, R?,---, RA. Since (2) 
has an inverse, there are just p such relations. Hence p is 
invariant under transformation of coordinates. 

Similarly we find that the number a of linearly independent 
linear relations among the matrices S;, S2, ---, S, is like- 
wise invariant. 


4. A Condition for the Independence of the Mairices. 
Suppose that exactly p independent relations (5) hold among 
the matrices R;. Forma matrix B=(b,,) so that b;;=k;; for 
i=n—p+i1,---, m, and take for the remaining 0;; any 
convenient numbers of § so that B is non-singular. Apply a 
transformation (2) using A =B-!. From (4) we have 


Ri = Bo bis RiB, (i m= 1,2,--:, n). 
i 
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Hence Ri,_,41= --- =, =0 while R{, R/,---, Ri, are 
linearly independent. We drop primes. 
We now have 


(6) Ci: = O,; (t>n—p;j,k =1,2,---,m). 
The associativity conditions (1) may be written 

DociseCeer = > Ciel jen 

kan] k=1 


We consider only those equations in which 7 >n—p, and pass 
to matrices, obtaining 


n—p 
DeinRe => 0. 
k=1 
Since Ri, Re, - - - , Ra, are linearly independent, 
(7) cin: = 0, G>n—p;kSn—p;i=1,2,---, 2). 


Consider the linear set 3 composed of all numbers 
B= Sept ien—pti + °° * 1 Snln- 
We see readily from (6) and (7) that 
(8) 3A=0, 43538, 


so that 3 is an invariant zero subalgebra of 2% which has the 
additional property that 3% =0. 

Conversely, let us suppose that %&{ has an invariant zero 
subalgebra 3 of order p such that 3% =0. We take the basis 
numbers of 3 for én_»:1, -- - , €n Of a basis for A. Since 3% 
=0, we have (7) and therefore R,,41= --- =R,=0. 

Similar results hold for the second matrix. 


THEOREM 1. A necessary and sufficient condition in order 
that there be exactly p(a) linearly independent linear relations 
among the matrices Ri, Re, --- , Rn (Si, S2, +++, Sn) ts that 
Y% have an invariant zero subalgebra 3(%8) of order p(a) such 
that 3X%=0, (AWW =0), and no such subalgebra of order greater 
than p(o). 
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It is known that in every algebra with a principal unit 
(including every semi-simple algebra) both the first and 
second matrices are independent.* 

It can be seen directly that if % is nilpotent or the direct 
sum of a nilpotent algebra and another algebra, the first 
matrices and also the second matrices are dependent. For 
we may choose normalizedf basis numbers e; for the nil- 
potent algebra such that 


Cin = nei = 0, (§=1,2,---, m). 
Hence e, serves both as 3 and %& for Theorem 1. 
That p is not necessarily equal to o is shown by the 
following example: 
ey = 41, ee. = 0, €2€1 = 2, ef = 0. 


We have 


10 00 10 00 
moO} ma} 269. 569) 
00 10 0 1 00 


Here R, and R: are linearly independent and give a represen- 
tation of the algebra, while S, and S2 are dependent. Thus 
p=0, c=1, and B is composed of multiples of ee. 


5. The Characteristic Equations. Let 
X= 4161 + Xoo + +++ + Xen 
be the general number of an algebra %, and define 
5(w) = | R(x) — ol | . 8'(w) =| S(x) — oI | 
It is well known{f that x5(x)=0 and x6’(x) =0, and if & has 
a principal unit, also 6(x) =0 and 6’(x) =0. 


It is possible, however, for (x) =0 or 6’(x) =0 even though 
% has no principal unit. 


THEOREM 2. A sufficient condition in order that 5(x)=0 
(6’(x)=0) is that Ry, Re,---, Ra (Si, Se,-++, Sn) be 
linearly independent. 





* Dickson, loc. cit., p. 95. 
t Dickson, loc. cit., p. 176. 
t Dickson, loc. cit., p. 100. 
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The proof is immediate, for by the Hamilton-Cayley 
theorem 


6(R(x)) = 0, 8'(S(x)) = 0. 


Since & is isomorphic with the algebra of matrices R(x) 
(or S(x)), we have 6(x) =0 (or 5’(x) =0). 
For the example of §4 we have 


5(w) = w? — wn, 6’(w) = w? — 2wx, + x?. 


Hence 5(x) =0, while 5’(x) =x;? —x;%e: —x1%2e2. 


Oxo STATE UNIVERSITY 





ON THE NUMBER (10%—1)/9 
D. H. LEHMER 


The purpose of this note is to save any further effort* in 
trying to factor the number N =(10%—1)/9=111, 11111, 
11111, 11111, 11111 which in a previous paper was found to 
be composite.{ This assertion was based on a negative result 
giving 3¥-!+1(mod JN). 

On the basis of this conclusion Kraitchikt attempted to 
factor N arriving at another negative result that N had no 
factors and therefore was a prime. This conflict of results led 
us to recompute the value of 3%-'(mod N) which shows 
clearly a mistake in the original calculation arising from the 
choice of 3 for a base instead of another number prime to 
10%—1. Such another base would have furnished the extra 
check which would have detected the error. 





* A recent letter from Mr. R. E. Powers informs us that he has been 
to the trouble of finding 150 quadratic residues of N. 

¢ This Bulletin, vol. 33 (1927), p. 338. 

t Mathesis, vol. 42 (1928), p. 386. 
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The recomputation revealed the following results: 
1 (mod N), 
3(N-D/11 = 14 45009 64787 71867 25049 =r, (mod N), 
3(N-1) 4093 = 98 37816 77563 73768 37434 = re (mod N), 
((r, — 1), N) = ((re — 1),N) = 1. 
By Theorem 3 of my paper cited above, it follows that the 
factors of N belong to the forms 
23n + 1 
12in+1 ees + 1. 
4093n + 1 J 


3N-1 


If we seek to express N as the difference of squares (a?—b*), 
we have 


If we restrict a@ modulo 12 and 25, the smallest admissible 
value to try is 
a = 5435003952668544. 


The total range for a is given by the inequalities 


1 N 
Ni2<a< =(w + =). 
2 W 
where W = 22781638, that is, 
a < 243861122499491. 


The maximum value of a is less than the smallest possible 
value; therefore a does not exist and N is a prime. 

The results of Kraitchik’s investigations will occupy a 
whole chapter of his forthcoming book.* Those interested in 
the factorization of large numbers will await with interest 
the exposition of the method by which Kraitchik was able 
to identify this sixth largest prime known. 


Brown UNIVERSITY 





* Recherches sur la Théorie des Nombres, vol. 2. 

















ATTRACTION IN ELLIPTIC SPACE 


ON THE ATTRACTION OF SPHERES 
IN ELLIPTIC SPACE* 


BY JAMES PIERPONT 


1. Introduction. C. Neumann, Killing, and Liebmann have 
treated the motion of a material particle about a center of 
attraction in elliptic (hyperbolic) space. The question arises 
do these results hold when the center of attraction is re- 
placed by a spherical mass. 

Let the sphere be placed at the origin of coordinates O, let 
the polar coordinates of an element of volume at P of the 
sphere be p, ¢, 9, where ¢, @ are latitude and longitude. The 
element of volume is then 


dy = sin? p cos @dédpdq, 


where for simplicity we take the space constant R=1. We 
will suppose the elementary mass A attracted by the sphere 
is on the z axis. Let OA =a, AP =e, in elliptic measure. The 
force of attraction we will take to be 

cdv 


Pf a7 c a constant. 
sin? € 





If Y is the-angle AP makes with the z axis, the work done by 
the force F for a small displacement of A of extent da along 
the z axis is 

6W =F cos ydv-ba. 


It will be convenient to set 


a=sina, r=sinp, e=sine, p=sing, 


a’=cosa, r'=cosp, e’=cose, pf’ = cos¢. 


We have then 





* Presented to the Society, New York, March 29, 1929. 
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r’ — a'e’ 
‘isn tee. 
ae 
¢ = (ap* + Bp + 7)", 
where 
a= — a’7, B = — 2aa’rr’, y =1-— ar", 
Then 
6W = 2xc(aG — a’H)éa, 
where 
e r/2 
G= f r’r'Ldp, L= p'do/é*, 
0 : —z/2 
e x/2 
H = f r?Mdp, M = pp'do/e*. 
0 —z/2 
Now 





ha 1 
-| pb + 2B | A = 4ay — B? = — 4a’r’, 


A(ap? + Bp + )!/?7JL1 


a+tB+y=1- (a'r + a7)’, 
(a +6 + 7)'? = sin (a — p), 
(a — 6 + y)'? = sin (a + p), 
4a + 28 = — 4arcos (a — p), 
4a — 28 = 4ar cos (a + p). 


Hence 


2 sin 2p __ sin?’ sin? 2pdp _ 


ar cos 2p — cos iy 9 cos 2p —cos 5 2p —cos Je 





Turning to M, we have 
eae | 4y + 2Bp i 
A(ap? + Bp + y)"/?J-1 
4y — 28 = 4(1 — a’r' cos (a+ p)), 
4y + 28 = 4(1 — a’r’ cos (a — p)). 














ATTRACTION IN ELLIPTIC SPACE 

















M’ a'r’ 
M = M”, 
a’r? a?r? 
where 
’ — 4sinpcosa — 2sin 2p 
M = ’ i aur => e 
cos 2a — cos 2p cos 2p — cos 2a 
Hence 
2a’ r 
M = — 
2 a@—r 
Thus 


2 fi ra — rye 
gn tt SS 


av, @-r 

2a’ f£' r'dr 
ppd gk 

a? <i : 
where T = (a? — 7’) (1—7°)'?. Then 


t F(A — edt. 2 0?-#7d9r 
0 f a 0 i be 


T, 








aG — aH’ = 


2° Pdr 1 s ae 
ae a ae — Sin ep) 
a? 0 (1 sae 2) 1/2 2a? 


Now the volume of a sphere of radius p in elliptic measure is 
V =2(2p—sin2p). As m=cV is the mass of the sphere, this 
gives 

m 

6bW = —-ba. 

a? 
The attraction of the sphere on the point A is'thus m/a’, 
which is the same as if the mass of the sphere were concen- 
trated at its center. 


2. Another Method. Let us define the potential of an ele- 
ment of mass dm at a distance e by dU =c ctn e- dv, c constant, 
and for the whole body supposed homogeneous, by 


[= c f cin e-dv. 


Then a being as in §1, 
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aU re] Octne de 
—= cf ado etme = cf do ES. 
0a Oa de Oa 


Let A’ be the point on the z axis at a distance a+46a from O. 
Let B lie on PA’ at a distance € from P. Then in the small 
triangle ABA’ we have 

sin BA’ de 


cosy = — , or cosy=—-: 
sin AA’ 0a 





Thus 


0U cos 
-~—=cf ——-dy = JPcosy-do= Fedo, 
0a sin? € 


where F, is the component of F along the z axis. 
This result gives us another method of finding the attrac- 
tion of a homogeneous sphere on a point at A. We have 





Pd 
U =c fon edv=c f Sp asapae 
e 
= 2xc(a’G, + aH), 


where 


p 1d 
0 _ 


1 


i 1 d 
H, = f Siti. oa J ., 
0 4 (0 











Now 
1 —2 2 
L,=— {sin-*? .. ee “, 
(= ayee "(ayes aye 
B — 2a = — 2ra(a’r’ — ar) = — 2arcos(a+ p), 
B+ 2a = — 2ar cos (a — p). 
Hence 
2 Oo 2p 
= = { sin(cos (a + p)) — sin(cos (a — » =—- 
ar ar 


Similarly 
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[<* + Bp+ ol BL, 
M, = 2S Se 
a i eee 
1 BL, 
==} (a+8+7)"?—(a—p+yueh — 
a (34 
oe : 2a’r'p =. 2a’ R 
~ sin (a + p) — sin (a — at i is at FP) 
Hence 
1 
G, = —(sin 2p — 2p cos 2p) , 
4a 
2a’ 
H,= —; (Ge — isin 2p — } sin 2p + pcos 2p). 
a 
Thus 


, , 


a : a’m 
U = —(2p — sin 2p) = —- = mctna; 
2a a 


that is, the potential of a sphere at A is the same as if the 
whole mass were concentrated at its center. 


3. Attraction at a Point Within. We consider now the 
potential W of a homogeneous spherical shell at a point 
within the cavity. This may be treated briefly. Proceeding 
as in §2, we have 


W = 2nc(a’'G. + aH), 


where 
G,= J Prtade, H, = f Patade. 


Here L2, M2 are the same as L;, M, in §2 except that now we 
must take p>a. Hence 

2a 2r’ 

— = — ar, M, = —-+ a'r’. 


ar ar? 


[= 


These give 
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pa 2 po pa 
G,= —- af rdr, ee —f rdr + vf dr. 
p apy pl 


2 
W= arc f rdr 
p 


Hence 


which is a constant. Thus the attraction on a point within 
the cavity is null. 

4. Conclusion. We have supposed the sphere to be of 
uniform density. It is obvious from the above that we get 
the same result if the sphere is made up of concentric layers 
each of constant density, or if the density is a function of p. 
Finally we remark that the analysis employed may be 
extended readily to hyperbolic space. 

In connection with the present note we wish to call atten- 
tion to a valuable paper* contributed by F. Cajori to the 
memorial volume “Sir Isaac Newton 1727-1927.” It is 
almost universally held that Newton’s delay was due to the 
fact that the earth’s radius was not correctly known at that 
epoch. Cajori argues conclusively, so we believe, that the 
real reason was much deeper. It was in fact Newton’s in- 
ability at that time to show that the attraction of a sphere 
on an external particle is the same as if the mass of the sphere 
were concentrated at its center. 


YALE UNIVERSITY 





* Newton's twenty year’s delay in announcing the law of gravitation. 
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THE EXISTENCE OF THE LEBESGUE-STIELTJES 
INTEGRAL* 


BY R. L. JEFFERY 


A definition of a Lebesgue-Stieltjes integral of a function 
f(x) defined on (a, b) with respect to a non-decreasing func- 
tion V(x) bounded on (a, 5) has been given by Hildebrandt.f 

This definition involves the idea of the measurability of 
f with respect to V. If @ is the interval a’<x<b’, then 
V(a) = V(b’ —0) — V(a’+0). Let a set E be enclosed in a 
finite or countably infinite set of non-overlapping open 
intervals A =a, a2,---. Let V(E) be the lower limit of 
V(A) => V(a;) for all possible enclosures A. In the same 
way define V(CE). When 


(1) V(E) + VCE) = V(a,b) = V(b) — V(a), 


the set E is said to be measurable relative to V. If for all 
real values of / the set for which f>/ satisfies (1), then f is 
measurable relative to V. Hobson{ gives a definition which 
involves a different formulation of the same idea. To state 
this we shall make use of the following correspondence be- 
tween the points of a=V(a)SuSV(b)=6 and asx3b. 
First, if x is a point of discontinuity of V, then x goes by 
means of “#=V(x) into the closed interval V(x—0)<u 
<V(x+0). There will then correspond to each u on (a, 8) 
at least one value of x on (a, b). If to a value of u there 
corresponds more than one value of x, then V is constant 
throughout an interval, and x, shall be the lower end 
point of this interval, or the lower bound of points of the 
interval in case it is open. If f(x) is any function defined on 
(a, b), then (uz) is defined by ¥(u) =f(x.) and 


6 B 
Ls f f(a)aV(x) = L y Seade. 





* Presented to the Society, September 7, 1928. 
+ This Bulletin, vol. 24, pp. 188-190. 
t Theory of Functions of a Real Variable, 3d ed., vol. I, §445. 
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when the latter exists. Thus the requirement that f be meas- 
urable relative to V is replaced by the requirement that y 
be measurable on (a, 8). In this note we determine some 
necessary and sufficient conditions bearing on V under 
which all Lebesgue measurable functions f are measurable 
relative to V. These conditions are also necessary and suffi- 
cient to insure that all measurable functions f are carried 
into functions ¥(u) =f(x.) measurable on (a, 8). 

As a matter of notation, we shall use A and B to indicate 
sets of intervals enclosing E and CE respectively. Each set 
shall be non-overlapping and open, and each interval shall 
contain at least one point of the set enclosed. LE, shall 
denote the set into which E, is carried by means of the re- 
lation u= V(x), a point of discontinuity of V going into a 
closed interval as agreed upon above. If x, x2,--- are 
the countable set of discontinuities of V and s; the saltus of 
V at x;, then, for a given ¢, Kz=%, %2,--+,%X% Where 
dn 1415:<€/2. For convenient reference we state some 
properties* of all sets G which are measurable relative to V. 

(1) If E, and E, belong to G then E,+£, belongs to G. 

(2) The Borel measurable sets belong to G. 

(3) A necessary and sufficient condition that E be meas- 
urable relative to V is that there exist intervals A and B 
enclosing E and CE such that V(AB) <e. 

(4) Any set E on a set of open intervals throughout which 
V is constant is measurable relative to V. 

This follows at once from (3). For evidently E can be 
put in A where V(A)=0. If then CE is put in any set B, 
we have 0< V(AB) s V(A), which shows that (3) is satisfied. 


THEOREM I. A necessary and sufficient condition that 
E, be measurable relative to V is that E, be measurable on 


(a, 8). 





* (1) and (2) are proved by Radon, Wiener Sitzungberichte, vol. 122, 
pp. 1305 ff. (3) is proved by Bliss, (this Bulletin, vol. 24, p. 13), for 
continuous monotone functions, but the proof is applicable to any non- 
decreasing function. 
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Suppose E, measurable relative to V. Then by (3) we 
can determine A, and B, so that V(A,B.)<e. The open 
intervals A, go, by means of u= V(x), into a set of open 
intervals A, together with a countable set of points A, 
which belong to E,, and E, is on A,+A,. Similarly CE, 
is on open intervals B, and a countable set of points B,/. 
But m(A.B.) =V(A.B.)<e. This, together with the fact 
that A, and B/ are countable, shows that E, is measurable. 

Suppose E, is measurable. Let E, be the closed intervals 
of E, which come from points of discontinuity of V. E, 
is then a countable set of points which, on account of (2) 
is measurable relative to V. Let e.=E,.—E,. If Ky is the 
set of closed intervals coming from K,, then é, is on the open 
intervals CK,. Put e, in A, and ce, in B, where A, is on 
CK,, and where m(A.B,) <e/2. The open intervals A, and 
B, correspond to open intervals A, and B, which contain e, 
and ce, respectively. And since A, is not on K,, A, contains 
none of the points of the set K,. Consequently (A,B.) 
contains none of the set K,, and as a result of this 


V(A.B.) S m(A,Bu) + Doss <e. 
i=k+1 
It then follows from (3) that e, is measurable relative to V, 
and by (1) so also is E,=E,+ ez. 

It has been shown by Carathéodory* that the function V 
can be represented as the sum of two functions V=¢+x, 
where ¢ depends only on the discontinuities of V and where 
x is continuous. We can now prove the following theorem. 


THEOREM II.f In order that every measurable set E, go into 
a measurable set E,, it is necessary and sufficient that x be 
absolutely continuous. 





* Vorlesungen iiber Reelle Funktionen, §153. 
+ The corresponding theorem for continuous functions has been proved 
by Rademacher, (Monatshefte fiir Mathematik und Physik, vol. 27 (1916), 
p. 266). His theorem is the special case of ours where ¢ is identically zero. 
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The condition is sufficient. Suppose E, measurable. Let 
,E, be the part of E, which belongs either to the discontinui- 
ties of V or to intervals throughout which V is constant. 
1E,, being a set of closed intervals and a countable set of 
points, is measurable. We complete the argument by showing 
that e.=E,—1E, can be put in A, and ce, in B,, where 
m(A,Bu)<e. The function x being absolutely continuous, 
there exists a 6>0 such that if D is any set of intervals with 
m(D)<6, then x(D)<é«/2. The set e, contains none of the 
points of K,. Hence, since e, is measurable and since K, is 
a finite set, e. can be put in A, and ce, in B,, where A, con- 
tains none of the points of K., and where m(A,B,) <é¢/2. 
Since each interval of the set A, contains at least one point 
of e., and since the end points of B, are points of e, it follows 
that A, and B, correspond to open intervals A, and B, 
containing e, and ce, respectively. Again, since A, con- 
tains none of the points of K,, neither does (A,B,). Hence, 


m(A,B,) = V(A,B.) = $(AzB:)+x(AzBz) < D) sit €/2<e. 
imk+1 

The condition is also necessary. Suppose x is not ab- 
solutely continuous. For a given e>0 let x(6) be the upper 
limit of x(a) for all possible sets of intervals a for which 
ma<6. Obviously, if 6:<6:, then x(6:)<x(6:). And since 
x is not absolutely continuous, lim;.ox(6)=d>0. Making 
use of these facts we now prove the following lemma. 

Lemma I. There exists on (a, b) a set of points Dz of zero 
measure which contains no points of discontinuity of V, and no 
points of intervals throughout which V is constant, and which 
is carried, by means of u=V(x), into a measurable* set Dy 
with mD,,= d. 

Choose 6;, 52, - -- , an infinite sequence of positive num- 
bers approaching zero monotonically, and such that 6; 





* Carathéodory (loc. cit., §512) has considered the analogous problem 
for continuous monotone functions. By a method different from ours he 
arrives at the existence of a set D, of zero measure which goes into a set 
D, with outer measure 2d. 
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converges. Since x(6;)2d for all 7, we can find a set of 
intervals a{ such that x(aj)>d—e, and maj <5;. The 
infinite sequence of sets of intervals a/ defines, by means of 
u=x(x), an infinite sequence of sets of intervals a,f on 
a’= x(a) SusB=x(b), where maj =x(ai)>d-e, (i=1, 
2,--+-). It then follows* that on (@’, B’) we have a measur- 
able set of points D,/’’ where mD,/'’>d—e, and each point 
of which belongs to an infinite number of the sets of inter- 
vals a}. If we remove from D,/"’ the countable set which 
comes by means of u= x(x) from the countable set of dis- 
continuities of V, there remains a set D,/’ which still has 
measure >d—e. Let D?/’ be the set on (a, b) whose image, 
by means of u= x(x), is D,/’. Each point of D,’ is on an 
infinite set of the sets of intervals a,3. Consequently each 
point of the set DZ’ is on an infinite set of the sets of inter- 
vals af. Thus, for 1=/, where / is as large as we wish, D?’ 
is on an infinite set of the intervals a,'t', a,'+7,---. Hence 
mD {' ee nama? So 31418: On account of the con- 
vergence of >; and the fact that we can take / as great as we 
please, it follows that mD?/’ =0. If now we consider a se- 
quence of values of € approaching zero, we get a sequence of 
sets 1D/’, .D/',---, where ,D/’ has zero measure and 
iD’ has measure 2d—e;. It follows that the set D,’ which 
consists of all the points in any of the sets ;D,’ has measure 
2d, and the corresponding set D/ has measure zero. 

It will now be shown that u= V(x) carries D/ into a set 
D, measurable on (a, 8B) with mD,=d. On (a’, B’), DJ is 
measurable and contains none of the points K, which come 
from K, by means of u= x(x). Hence D,/ can be put in A, 
and CD/ in B, where A, contains none of the finite set 
K,, and where m(A,B,)<e/2. The intervals A, and B, 
correspond by means of u= x(x) to intervals A, and B,, 
where A, contains D/ and contains none of the points of K,, 





* W. H. Young, Proceedings of the London Mathematical Society, 
(2), vol. 2, p. 26. Also Borel, Comptes Rendus, December, 1903. 
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and where x(A.B.) =m(A.B,) S¢€/2. But since A, contains 
no points of K, neither does (A,B,). Hence 


V(A.B:) = ¢(A -B:) + x(A.B:) = Ds + ca © €, 
émk+1 2 

Hence D/ is measurable relative to V. It then follows from 
Theorem I that D, is measurable on (a, 8). And evidently 
mD, cannot be less than x(D/)=d. If we now remove from 
D,, the countable set which comes by means of u= V(x) 
from intervals throughout which V is constant, we arrive at 
a set D,, where mD,2d, and where the corresponding set 
D, contains no discontinuities of V and no points of intervals 
throughout which V is constant, and where mD,=0. 

If N, is any non-measurable component of D,, then N, is 
part of D, and mN,=0. But u= V(x) carries N, into N,. 
Hence V does not carry every set measurable on (a, b) into 
a set measurable on (a, 8). If f(x) is a function such that 
f=1on N, and zero elsewhere on (a, b), then ¥(u) =f(x.) =1 
on N, and zero elsewhere on (a, 8). Thus y(u) is not 
measurable on (a, 8). Also, by Theorem I, f is not measurable 
relative to V. We have the following result. 


THEOREM III. A necessary and sufficient condition that 
every function f measurable on (a, b) be measurable relative to V 
is that x be absolutely continuous. This condition is also neces- 
sary and sufficient that Y(u) =f(xu) be measurable on (a, B). 


THEOREM IV.* A necessary and sufficient condition that 
every function f bounded and measurable on (a, b) possess a 
Lebesgue-Stieltjes integral in the sense of Hildebrandt, or in the 
sense of Hobson, is that x be absolutely continuous. 


AcapIA UNIVERSITY 





* M. D. Menchoff and Mile. Bary, Annali di Mathematica, (4), vol. 5, 
have considered the Lebesgue-Stieltjes integral of f with respect to V where 
V is absolutely continuous. They show (p. 24) that the integral accord- 
ing to their definition exists whenever f is bounded and measurable. Their 
discussion is only applicable to the case where V is absolutely continuous. 


























ZEROS OF PARTIAL FRACTIONS 


ZERO-FREE REGIONS OF LINEAR 
PARTIAL FRACTIONS* 


BY MORRIS MARDEN{ 


1. Introduction. The object of this paper is to determine 
simple regions in the plane which do not contain any zeros 
of the partial fraction 

n Qa; 
= > ——, 
j=l 3 — Qj 





when the a;’s are complex constants. 

The case of real a;’s has already been adequately treated 
by Gauss, Lucas, Jensen, and Bécher in connection with their 
study of the derivative of a polynomial and the jacobian of 
two binary forms. In terms of ®, their results may be stated 
as follows. 

(a) If all the a;’s have the same sign, there are no zeros 
of ® outside of any convex polygon enclosing the points a;. 
If all the a;, in addition, lie on the line-segment AB, there 
are no zeros of ® except at points on A Bf. 

(b) If all the a;’s have the same sign, and the a,’s are either 
real or in conjugate imaginary pairs, there are no imaginary 
zeros of ® at points outside of all the Jensen circles.||_In any 
Jensen circle containing k a;’s, and not overlapping any other 
Jensen circle, there are at least k—1 and at most k+1 roots 
of ®.§ 


* Presented to the Society, October 27, 1928. 

1 National Research Fellow, at Princeton University. 

t The result of which this theorem is an immediate consequence was 
first stated by Gauss, (Werke, vol. 3, p. 112), in 1816, but rediscovered by 
Lucas (Comptes Rendus, 1868). This theorem, with reference to the 
derivative of a polynomial, was first stated by Lucas, Journal de 1’Ecole 
Polytechnique, vol. 46 (1879), p. 8. 

|| See §6 for definition. This part of the theorem was stated without 
proof by Jensen, Acta Mathematica, vol. 36 (1912), p. 190; proved by 
Walsh, Annals of Mathematics, vol. 22 (1920), pp. 128-144. 
| Walsh, ibid. 
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(c) If }a;=0 and if all the a; corresponding to positive 
a; and to negative a; lie respectively in the non-overlapping 
circular regions C; and C2, there are no zeros of ® at points 
outside of these regions.* 

2. Method. In the case of complex a;’s as in the case of the 
real, the zero-free regions of ® may be readily obtained when 
K(®) the conjugate imaginary of ®, is interpreted as the 
resultant of all the vectorst 








B; R 
f,;=- : and g; = —-— : (ee 89, a, 
z 
where 6;+iy;=a;. If we set a;—z=r;e"*', we may write 


I; = Bi cise) and g;= Yi ioitei2y. 
Vj 1; 
These equations tell us that, as vectors drawn from 2, the 
first along the line a;z and the second perpendicular to this 
line, and having magnitudes contingent only upon 7; and a;, 
the f; and g; are both independent of choice of axes. A zero- 
free region of ® is then one in which the vector 


K(#) = Sf; + g,) 
j=1 


or its component in any direction does not vanish. 

As the a; are here complex numbers, it is convenient to 
regard them as points in a separate a-plane. In this plane it 
may be assumed without loss of generality, due to the form 
of ®, that none of the a,’s lies at the origin. This is equivalent 
to supposing that, for all /, 


(1) | fi +] ¢;| > 0. 


Since multiplication of ® by e*‘ does not affect its zeros, any 





* Bécher, Proceedings of the American Academy, vol. 40 (1904), pp. 
469-484. 

+ The vector F;=f;+g; may be regarded as the force on a unit particle 
at z exerted according to the inverse distance law by a particle of mass 
a; at a;. See Bécher, loc. cit., p. 475, footnote. 
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theorem true about the zeros of ® for a given distribution D of 
the a;'s 1s likewise true for any distribution D’ obtainable from 
D by a rotation of the a-plane about its origin. Our theorems 
will however be stated only for simple distributions of the a,’s, 
the understanding being, of course, that the same theorems 
hold for somewhat more general distributions. 

3. First Application. The simplest cases with complex a;’s 
may be derived from the theorems of §1 by replacing points 
on the real axis by points on an arbitrary line through the 
origin. These cases we shall consider, however, by reason 
of the closing remark of §2, as already accounted for. 

Let us assume at first instead that all the points a; lie 
in* the first quadrant of the a-plane and the corresponding 
a; in* the rectangle B,B.B;B,. 

If z is any point in the angle A,B,C,, 














Cy C4 the components of f;, and g; parallel to 
As a A,  AiAsand CC, will be, respectively, 
hime H, =| fx| cosde +| ge| sin dx, 
B, Bs R ’ 
Az A; Vi =| fa| sin oz —| ge] cos de, 
Ce Cs ¢o. being the angle between f, and a 


parallel to A,A,. 
In order to locate the zeros of ® in the angle A,B,C,, we 
shall try to find points at which )>7H;=>.1V;.=0. 
As 0S$¢, 7/2, H,=0. Because of (1), H, =0 for all k only 
in the following cases: 


is Se = oe = O,7 all k ; 


us 
18 he te em all k ; 


Ill. fr=4=0, some k, g.=G,—7/2=0, remaining k. 

In cases I and II, no zeros of ® turn up because the V; are 
of the same sign and therefore >-7Vi0. 

In case III, on the contrary, where some of the a; lie on 





* In §§3, 4, 5, we shall use all our locative phrases “in,” “to the right of,” 
etc. in the wide sense, including thereby the boundary points of the regions 
considered. In §§6 and 7, we shall revert to the strict sense of these terms. 
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the line B,B, and the corresponding a; on the imaginary 
axis, and the remaining a; lie on the line B;B, and the corre- 
sponding a; on the real axis, there is a possibility of }-7Vi=0 
and of a zero of ® at the point By. 

Similar considerations hold in the remaining angles 
A,B,C. There are no zeros of ® in any of the angles AxB,C;, 
except perhaps at just one of the points B,. If, furthermore, all 
the a,x lie on B,By, there are no zeros to the right of C3C, or to 
the left of CiCo. 

4. Corollaries. More elegant results for the case that the 
a,;’s are in the first quadrant can now be obtained if the cor- 
responding a; are required to lie in a circle C of radius R. In 
the concentric circle C’ of radius 2'/?R, a square S can be 
inscribed which will circumscribe C and which, when 
suitably chosen, will include in an angle A,B,C; any point 
outside C’. Consequently there are no zeros of ® outside of C’. 

If 2=2, “outside of C’” must be taken in the strict sense. 
If a, and az are situated on C, rR/2 units apart, S may have 
a, on one side and az on the adjacent side. Case III of §3 
would then permit a zero to be on C’, as the example 

i 1 
—— + =0 
s—-2 s-—1 





with the unit circle as C, shows. 

If the points a; just considered are all on the line-segment 
AB, © will have a larger zero-free region. On AB as diagonal 
a rectangle R can so be constructed as to include in an angle 
A,B,C; any point outside of the circle T having AB as di- 
ameter. Outside of T there are therefore no zeros of ®. 

Again “outside of [” must be given a strict meaning when 
n=2. If a; and a2 are at A and B, case III arises with its 
possibility of a zero on I’, as for instance in the example 


1 i 
4 
z—-1 2z+1 
where A: (—1, 0) and B: (1, 0). 








= 0, 
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5. Other Applications. By essentially the methods of §3, 
the following results may also be deduced: 

(a) Suppose the a; to consist of two groups G, and Go, the 
former situated in the first quadrant and the latter in the second 
quadrant of the a-plane. If the a; corresponding to G, and G; lie 
respectively in the angles A,B,C: and A4B,C3, there are no zeros 
of ® in the strip C,B, B,C, save perhaps upon the segment B,By. 

The exceptions may occur only if G,;=Gi2t+Gi. and 
Ge=GeatGe-, where Gig and Gea have their a;’s on the 
imaginary axis, G,. and Ge, their a;’s on the real axis, and 
Gia, Gic, Gea, and G2. have their a;’s respectively on the seg- 
ments A,B, B,C2, ABs, ByC3. 

If Gi-=G2-=0 (that is, G,;., and Gz. contain no points), 
any point of B,B, may be a zero of ®. 

If Gia: GieXO and G2,=0, the point B, is the only possible 
zero of ® on Bi By. 

If G;.=0 and G2,-G2.~0, the point B, is the only possible 
zero of ® on B,By. 

If the lines C,C, and C3C, are coincident, we shall exclude 
the case Giz=G2,.=0, but include the cases 


Gi,=0 and Gea:Ge-=0, 


Gog=0 and Gia'G,-=0, 
and 
Gia: Gie*Gra- C2 0, 


in which cases B, is the only possible zero of ® on B, By. 

(b) Suppose the a; to consist of four groups G.(k =1, 2, 3, 4), 
the group Gi being in the kth quadrant of the a-plane. If the 
a; corresponding to G; lie in the angle AxB.Cz, there are no 
zeros of ® in the rectangle B,B.B;By. 

We are supposing no two sides of B,B.B;B, to coincide. A 
degenerate case of interest is, however, one in which A,A,and 
A2A3 are coincident and the a; corresponding to G; lie on 
A,B, if k=1 or 2, and on A,B, if k=3 or 4. Then, if not all 
the a,’s lie on the real axis, there are no zeros of ® on the 
segment B,B,. The theorems of (a) and (b) also hold for 
n= provided ® is absolutely convergent in the above- 
mentioned zero-free regions. 
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6. A Jensen Case. So far no restrictions have been placed 
upon the behavior of ® for real values of z. In this section we 
shall assume, in order to make ® real on the real axis, that the 
a; and the corresponding a; are both real or both in conjugate 
imaginary pairs. We shall also suppose the a; corresponding 
to an a; in the upper half-plane also to be in the upper half- 
plane, and vice-versa. Furthermore, we shall limit the a; to 
the first and fourth quadrants of the a-plane.* 

Let us construct in the 2-plane the circles (the Jensen 
circles) having as diameters the line segments joining pairs of 
conjugate a;, and the indefinite lines (the Jensen lines) 
through the pairs of conjugate a;. If we denote by R the 
region consisting of all points simultaneously outside of all 
the Jensen circles and to the left of all the Jensen lines, we 
may define R by the inequalities 


(2 —6)?+ ¥—c? >0, «—5;<0; 


all 7 corresponding to imaginary a;=);+41¢;. 
In the sum ® let us discern two types of terms, one corre- 
sponding to real a;: 
B; B;[(x — bj) — iy] 
= , 
z — b; (z — 6)* + 9° - 





(a; = Bj; + 1), 


4 = 


and the other corresponding to a pair of conjugate a;: 
_ Bit Bj — 17; 
z— (bj + ici) 2% — (b; — ic)) 





te 


The latter has as component parallel to the y-axis: 


— 2y[8;{ (x — b)? + y? —c?} — Ace — 5,)] ; 
{(« — bj)? + (y — c)?} { (x — 6)? + (y +.¢;)?} 


As 6;20, c>0, and y>0, we find in R 





I(t.) = 


sgn J(t;) = sgn I(t) = — sgn y. 


The components of ¢; and & parallel to the y-axis will there- 





* See the footnote to §3. 
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fore not vanish at points in R off the real axis. That is to say, 
there are no imaginary roots of ® in R. 

The question of the real roots of ® in R may be easily 
settled through a study of the real function ® on the real 
axis. Again we shall separate the terms corresponding to 
real a; from those corresponding to pairs of conjugate a;. The 
first 








St ee ee ee 
x — b; dx (x — b;)? 
the second 
es By; + 173 B; — #7; 





x—(b;+ic)) x— (6; -— ic;) 
dS _ Bile? — (x — b;)?} + 4ca(x — b,) 
dx {(x — b))? +c? }? 
Therefore d®/dx <0 in R. In addition, as x moves to the 


right from one a; to the next a;, ® changes from + to —. 
In other words, any interval of the real axis in R not con- 





taining any a; has at most one root of ®; between two suc- 
cessive a; in R, there is exactly one root of ®. In short, if the 
number of a;in Ris k, the number of real roots of ® in Ris k, 
k—1, or k+1.* 

The above equations also allow us to deduce at once the 
results for the case in which the a; corresponding to real a; lie 
on the positive real axis, and the remaining a; are in the 
second and third quadrants of the a-plane. The above theo- 
rems will hold for this case if R in these theorems is replaced 
by K, the region consisting of all points simultaneously inside 
of all the Jensen circles and to the left of all the Jensen lines. 
(K may not contain any points.) 

These theorems will also be valid when n= provided 
® converges uniformly in any closed region in R or K not 
including any points a;, and all the imaginary a; lie to the 
right of a fixed line parallel to the y-axis. 





* E. B. Van Vleck has an unpublished proof of Jensen’s theorem which 
uses similar analysis. 
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7. The Function n(z). As a final application particularly 
of the methods of §6, we turn to the function 


1 (¢"(z) 
n(z) = -{ ~2 ig (1 + log 2") 


2 1 =: 1 jn 1 
ee oe 
2 z-—1 k=1 R(z + 2k) —2o Pn(Z — Pn) 
where ((z) is the Riemann zeta function, and the p, its zeros. 
Concerning the p,, it is known* that 








Pn = Pn 
o< R%,) <1, (all 7), 
R(pn) = 3, for |Z(p,) | $ 300, 


and that p=3+ Ki, K =14.13472(5), are the nearest p, to the 
real axis. 

Let us draw a circle of radius K, center at (1/2, 0) and de- 
note by S the interior of this circle to the left of the imaginary 
axis. Then in S there are no imaginary zeros of n(z). In each 
of the intervals (0, —2), (—2, —4), (—4, —6), (-—6, —8), 
(—8, —10), and (—10, —12) of the real axis there is exactly 
one zero, and in the interval (—12, }—K) there is at most 
one zero of 7(z). 


THE UNIVERSITY OF WISCONSIN 





* See Hutchinson, Transactions of this Society, vol. 27 (1925), p. 49, 
and references therein. My attention was called to the logarithmic deriva- 
tive of the zeta function by C. E. Hille. 
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THE INVERSE PROBLEM OF THE CALCULUS OF 
VARIATIONS IN A SPACE OF (n+1) DIMENSIONS* 


BY D. R. DAVIS 


1. Introduction. Among the various types of inverse 
problems of the calculus of variations are those of Darboux, 
Hamel, Hirsch, and Kiirschak.f Darboux discussed the 
problem of the plane showing that for a given equation of 
the form y’’=¢(x, y, y’) there exist an infinity of functions 
f(x, y, y’) such that the integral [7 f(x, y, y’)dx taken along 
one of the integral curves of the given equations furnishes 
a maximum or minimum. Hamel found the general type of 
integral whose minimizing arcs are straight lines. Of the last 
two Hirsch considers an equation of the type F(x, y, y’, 
y’’, - + +,y™) =Oand Kiirschak generalizes thisby introducing 
n independent variables. In both of these cases it was found 
that a necessary and sufficient condition for a given equation 
of the type considered to give a solution of a problem in the 
calculus of variations is that it have its equation of variation 
self-adjoint. No such restriction was found in Darboux’s 
problem; however, it is well known that every differential 
equation of the second order for plane curves may be trans- 
formed into one whose equation of variation is self-adjoint. 

The inverse problem of the calculus of variations for 
three-dimensional space is treated in my thesis.f{ It is the 





* Presented to the Society, San Francisco Section, June 2, 1928. 

+ Darboux, Théorie des Surfaces, vol. 3, §606. 

A. Hirsch, Ueber eine Charakteristische Eigenshaft der Differential- 
gleichungen der Variationsrechnung, Mathematische Annalen, vol. 49, p. 49. 

J. Kiirschak, Ueber die Transformation der partiellen Differential- 
gleichungen der Variationsrechnung, Mathematische Annalen, vol. 56, 
p.. 155. 

G. Hamel, Geometrieen, in denen die Geraden die Kurzesten sind, Mathe- 
matische Annalen, vol. 59, p. 255. 

} Inverse problem of the calculus of variations in higher space, written 
under the direction of G. A. Bliss, University of Chicago, 1926. Published 
in the Transactions of this Society, vol. 30 (1928), pp. 710-736. 
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purpose of this paper todiscuss the corresponding problem 
for a space of (n+1) dimensions. 


2. Fundamental Properties of given Differential Equations. 
Let us consider a system of m differential equations of the 
form 


(1) H (x, 9s, ¥i » yi’) ~ 0, (i,j 7 Rs ska n), 
whose solutions are 

yi = y(x); 
these have the derivatives y/, y/’ with respect to x. 
Under the hypothesis that the equations of variation of 
the given equations (1) form a self-adjoint system,* a 
function f(x, yi, ---, Yn. ¥1,°°°*,¥n) can be determined 


such that the given equations are the differential equations 
for the solutions of the problem of minimizing the integral 


(2) I= f(x,y, ee Fas Vi > 7 et yn dx. 
Zz 


The self-adjoint conditions which are needed here are 
summarized in the following theorem which is fully treated 
in the reference cited below. 


THEOREM. Necessary and sufficient conditions that the 
system of differential expressions 


J(u) =A j(x)up+By(ax)ud +Cu(ax)ug’, (i1,k=1,2,---, n), 
shall be self-adjoint are 
Cu =Car, 
Buz + Bui = 2Cix, 
Ax = Aus — Bis + Cus. 


In the above and following expressions, the notation of 





* This condition is also necessary; see Theorem II of my thesis, loc. 
cit., or J. Hadamard, Lecons sur le Calcul des Variations, p. 156, 
t See my thesis, loc. cit. 
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tensor analysis is used, that is, whenever two subscripts 
are alike in two factors of a term, say of the form Aixuz, 
then the expression represents a sum with respect to the 
repeated index. 

The equations of variation of the system (1) are 


(3) Hi tj! + Hin] + Hiyu; = 0. 
For this system the self-adjoint conditions of the above 
theorem give respectively the following relations: 
Hay = Hay 5 
(4) A jy; + iy = 2(Hiy;")’, 
A ijy; = A iy; 7 (Hiy,)’ + (Hiy,)”, 
which must be identities in x, y/, y/ , y/’’. 

The second set of relations (4) assert that each of the 
functions H;(i=1,---, 2) is linear in yf’ (k=1,---, m), 
since terms in y/’’ do sot occur in the first members. 
Therefore, the given functions (1) may be written in the 
form 
(5) HA; = Mi(x,41, “Sees YusKi » out » Yu) 

+ P(x, 91, ears Yas M1» eons yn yi’ 

In this notation the first of relations (4) becomes 
(6) Pi = Pi. 

From the last two of relations (4) we have 
(7) HF jy; ee Hy, ra [(H ivr)’ cg Hi, |’ = 3(F iy, Pils Hy)’. 
Since the coefficient of y/’’ in the expansion of the second 


member of this equation must vanish we have the 
following conditions: 


(8) FL iyi yy’ = iy jy" 
In the notation of (5) these relations become 
(9) Pinyye = Pity 


From these conditions and (6) it follows that the expression 
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Pixys remains unchanged under all permutations of the 
indices i, j, k. 

From (42) with the aid of (5) and (9), we obtain 

Miyy + Mine = 2Pis — Poevy ye — Pity Ye 

°U(Pijz + Piimye + Prive’) 
— Prey ye!’ — Piryy ye’ 
2(Pijz + Prin ye )- 
By applying relations (7) to the expressions for H; given 
in (5) and with the use of (9), we get 


(10) 


(11) M jy; ig M iy; = (Pixs; os P iky;) ye’ 5 2(M jy, age’ Miy;')’. 


If these equations are to be identities in the variables in- 
volved, we must have 
( Pity; = P ity; = 3(Miy, vs M jy) x’ » 
(11,) | M iy; ‘ia Mi; — 3(M jy," = Miy;') 2 
( + 3(M jy," ey Miy,') Ye . 





The first of these systems may be obtained from (10) with 
the use of (9) but the second is an independent system of 
relations which must be satisfied. 

The above results may be summarized as follows: 


THEOREM 1. If a system of differential equations of the 
second order 


Hi(x,41, hit Yas M » atime of of’, picts os 90°) = (0, 
Ged, ¢**.@); 
is to have equations of variation which are self-adjoint along 
every curve y;=yi(x), then it must have the form 
Hy = Mix,91,--+, yas vis °° y Ye) 
Ht Pefl2, 91, °° * 5 Yas Wh y+ Ind)Ii's 


(t, j=1,---,m) where the functions M; and P;; satisfy the 
conditions 
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Pi =P; Pieyy = Puy, 
M jy + Miyy = 2(Pij2 + Piimye), 
M iy; = Miy; = 3(M iy aa Miyy)2 
+ (My — Mivy nde 


(12) 


identically in x, yi, yi. 


3. Determination of the Integrand f of the Integral I. For 
a system of equations H;=0 which has the form indicated 
in the above theorem with coefficients satisfying (12), it is 
possible to determine the integrand f of the integral J in (2) 
to an arbitrary function of x, y1,---, y, such that H;=0 
are the equations of its minimizing curves. 

A function g(x, yi, +--+ ,¥n,91,°°*,¥n) will first be de- 
termined satisfying the relations 


(13) Sue's; = P3;, (i,j = 1, es n). 


The relations (122) are necessary and sufficient conditions 
for the integrability of system (13). The function g will 
be determined by the integral 


440°? Un 


"vn 
e-f Lidyl + Lelyl +--+ Ledyd, 
V10+° 


»***sUn0 


’ 


where 
, 


nu ** sn 
i= f Pyudy{ + Pidyf +---+ Pindyn , 
y’10+° " 


°°? ,yn’@ 


i907 **2e 
L,= { Purdy! + Pasdyd + +++ + Pandyd. 
Vv 10 


27**,y’no 
If g is a particular solution of the system (13), the most 
general solution is given by the formula 
(14) f= g(x,y, iar. Yas Ni» Cee ya) + a(x, 41, pate Yn) 
+ bi(x,91, -°- Yn) Ve» (k=1,---,m), 
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where a, };, - - -,b, are arbitrary functions of x, y1,---, Yn. 
If the given equations are identical with the Euler- 
Lagrange equations for the integral (2) then the equations 


d 
(15) —(fa) — fos = Mit Piiyj' 
dx 


must be identities in x, ¥1,---, Yn, Vir***+s Wn, MN’, 
-++, 92’. The value of f given in (14) must now satisfy 
the system (15); thus we have 


d 
ra + bi) — (8y;, + ay; + deyve) = Met Pays’, 
x 


which readily reduce to 
(16) (0:2 — ay) + (bir — bey) ye = Mit gy; —Weye2 — Buin 


If these equations are to be identities in x, ¥1,--*, Yn, 
yi,+-*+, Yn the expressions on the right must be inde- 
pendent of y/ and linear in yf when k¥7z. Upon dif- 
ferentiating the second members of (16) with respect to 
yi one obtains 


M igs — Syi'ui's — Suivi’ Ye » 
which by conditions (12;), for i=j, are identically zero. 
Differentiation with respect to y/ (j#7), gives 
biy; — Diy, = Miyy + Syivy? — Buituy — Bvi'nj’2 — Bui'y;'ue Ve . 
With the aid of (13) and (123) this system reduces to 


(17) diy; — biy, = (Mi, — Mige) + Suiv;’ — Sui’ uj- 

If in these equations we again take the partial derivatives, 
with respect to y/, the functions on the right yield the 
following expressions: 

(18) 3(M iy, i M iyi) y;" + Pix; = Priiy; ° 


By setting k=j in the first system of (11,) we see that the 
expressions (18) are each identically zero. Thus we have 
shown that the second members of (16) are, as indicated 
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by the expressions on the left, independent of y; and linear 
in yz for k¥2. 

Upon substituting the values of the first members of 
(17) in (16) we see that the system (16) which are partial 
differential equations fora, b,, - - -,6, may be replaced by 
the following: 


biy, — diy; = Syi'95 ~ Syiv;’ 3(Mi,,- — Mi), 
bjz — ay, = M;+ 89; —~ 8s;'s — Susu YE 
a 2(M iy’ = Miyy') ye . 


In (19,) there are n(m—1)/2 equations and in (192) n 
equations in the »+1 variables x, y:1,---, yn. The de- 
terminant of the matrix of the functional expressions on 
the right in (19;) is skew symmetric. Solutions for the 
system (19) exist if the totality of u(m+1)/2 equations 
are compatible. 

We shall now prove the following theorem. 


(19) 


THEOREM 2. A necessary and sufficient condition that 
there exist a solution for a system of differential equations 
of the form 


(20) biy; — diy; = bi7, Diz — dy, = 9;, 

where a, $i;, 6;, 0;, (4, 7=1, 2,--+, m), are functions of 
X,V1,°°*, Vn and $:;= —Qji, ts that 

(21) diz — Ojy, + Oy, = 0 

identically in x, y1,- - - , Yn for every pair of values of 1 andj. 


That the condition is necessary is evident. In order to 
prove that it is also sufficient consider the given equations 
(20) for fixed values of 7 and j, namely, i=p, j=g. For 
these values of 7 and 7 system (20) gives 


(22) bas, — Dove = Ppa, yg — baz = — Og, bye — dy, = Op. 


Now since . 
Ppqz — Igy, + Ony, = 90, 


identically in x, yp, ¥q, there exists a solution, say a, 
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by, bg, of equations (22)*. Now let j=r, where r is any other 
value of j than g. The substitution of the functions a, 
b,, 6, in the equations for i= p, j=r gives 


(23) bry, — by, = pr, Fy, — bys = — 8, bye — ay, = 95. 


Since the last of these equations is identical with the last 
equation of (22), it is satisfied by the functions a, J,. 
Solving for the derivatives of b, in the first two equations, 
we obtain 


bryp = bor + Opy,, br2 = 8, + ay; 
which are compatible provided that 
Porz + byy,2 = Ory, + Dyryp+ 


By employing the last of equations (22) this equation 
becomes 
$prz — Ory, + Ony, = 0, 


which is identically zero by hypothesis. A similar con- 
dition prevails fori=s, 7=q, wheres is any other value of 7 
than p. It follows that the remaining (”+3)(m—2)/2 
equations are compatible for a solution of the given equa- 
tions for i=p, j=q. Hence, there exists a solution of the 
given system. 

System (20) is identical with (19) if 6:; and 0; represent 
the second members of (19) respectively. Relations (21) 
applied to the second members of (19) give the following 
system: 


(24) 0= (Miy; er M iy,) a 2(M iy, ail M jy’) 2 
+ (Min — M ky; ye + 3(Miyy — M iy) y; Ye : 


These equations are identities in x, ¥i1,---+, Yn, Vi,°°*, 
yn, provided the following system is identically zero: 


(25) (M iy aan Miy;) ye + (Muy, sae Miyy) y;¥t 
— (Mie — Miy;) ye =0, 





* See H. Weber, Die Partiellen Differentialgleichungen, vol. 1, pp. 221, 
etc. 
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which is obtained by replacing the first two expressions in 
parenthesis of (24) by their value obtained from the last 
system of (12). 

It is readily verified that those terms of (25) for which 
any two of the indices 7, j7, k are equal vanish identically. 
It remains to show that the terms for which k¥i¥j will 
also vanish. For this purpose consider the last of the self- 
adjoint relations (12). Let this system be written succes- 
sively for j=), 1=7r;j=q,i1=p;j=r, 1=q. If these three 
equations are differentiated with respect to y/, y/, ¥p 
respectively and the results added, we obtain equations 
(25) except for the factor y/. Hence, equations (25) are 
identically zero in x, Vi1,-++, Yn) Viy°* +) Yn 

Since the conditions of Theorem 2 are satisfied there 
exists a solution of the system (19). Let a, bi, b; be a 
particular solution of system (19); then the most general 
solution will be 


a(x,91,°°° 5 Yn) + 4(%,91,°°° 5 Ve), 
(26) bs(%,91, °° * 5 Yn) +054, 91,°°* nds 
b(x,91,°°*, Yn) +9f%,91,°°-, a), (8 <5), 
where the functions u, v;, v; satisfy the relations 
(27) jy; — iy, =O, ty; — 172 = 0, M2 — Uy, = 0, (¢>J). 


The general solution of the system (19) may now be written 
in the form 


a(x,91, aaa Yn) + u(x, V1, AS Yn) 5 
(28) 
b(x,%1, ae Yn) v(*, 91, aes Ya) s 


(k=1,---,m). 


Relations (27) are necessary and sufficient conditions 
that the expression 
u+ uve, (k=1,---,*), 


should be the total derivative of an arbitrary function 
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t(x, Vi1,-**, Yn). In view of (28), the integrand f of (14) 
takes the form 


(29) f _ g(x,91, *. St gies ‘1, te yn ) + a(x, 91, St raed 1 Yn) 


d 
+ bi(x, 91, pan ae Yn) Ve + —A2,%, aR Ya), 
dx 
where a, b;,---, 6, are solutions of the system (19) and ¢ 
is an arbitrary function of x, yi, -- + , Yn. 


THEOREM 3. If a system of differential equations of the 
form 


Hfx,91, i ledie ts yi, ea. Ya» Me Fevers ya’) = 0, 


G=1,--+, ma 
has equations of variation 


Hie}! + Hin] + Hin; = 0, 
which form a self-adjoint system along every curve yi=yi(x), 
then there exists an integral of the form 


72 
r= f Wl2,%15°** » Jus Yir°**>s Yn ldz 
Z1 


having the equations H;(x, y;, y/, y/’)=0 as its Euler equa- 
tions. The most general such integral has an integrand 


S = G(2,915 °° * 5 Yun Hiv? * 5 Yu) FAL, -** 5 Ind 


d 
+ bi(x, 91, nee Yn) Ye + Ke, 9, ea erate Yn) 
x 


where g is a particular solution of (13), a, b},---, bn» are 
a particular solution of system (19), and t is an arbitrary 
function of x, Vi, +--+ 5 Vn- 
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MAPPING G, ON A STEINER SURFACE 


ON THE MAPPING OF THE QUADRUPLES OF THE 
INVOLUTORIAL G, IN A PLANE UPON A 
STEINER SURFACE* 


BY ARNOLD EMCH 


1. Introduction. Castelnuovo has definitely shownf that 
every plane involution may be mapped uniformly upon a 
rational surface. As may be expected, and as the author 
has shown in case of the involution of sextuples,{ from 
such a mapping process arise interesting properties of 
certain configurations and curves which reflect geometric 
properties of the corresponding surface, and conversely. 
In this paper the involution induced by the group 


— ( + 24; oe? pe a a 


V1; X2, X3 


is investigated from this standpoint. 

In what follows I shall denote the involutorial quad- 
ruple in the plane (x) merely by Gs. To construct this, let 
A,(1, 0, 0), A2(0, 1, 0), A3(0, 0, 1) be the coordinate tri- 
angle, and B(x, x2, x3) a generic point. Join B to Ai, Ao, 
A; and construct the fourth harmonic lines to BA,, BA2, 
BA; with respect to the pairs of sides A,A2, A1A3; A2A3, 
Az2A,1; A3A1, A3AM2. These three lines intersect in the 
triangle B,(—*1, x2, x3), Bo(x1, —x2, x3), Bs(x1, x2, —Xs), 
which together with B(x, x2, x3) form the Gy. If we con- 
struct for each B; the symmetric Gz, and denote it by (Bi), 
we obtain the configuration of the octahedral group 


+ x + % + x 
G4 =( 7 ), 


“1, %2, %3 





* Presented to the Society, February 23, 1929. 

¢ Sulla razionalita delle involuzioni piane, Mathematische Annalen, 
vol. 44 (1894), pp. 125-155. 

t On the mapping of the sextuples of the symmetric substitution group Ge 
in a plane upon a quadric, this Bulletin, vol. 33 (1927), pp. 745-750. 
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consisting of the four sextuples (B), (B:), (Bz), (Bs), 
which lie each on a conic as is well known.* 

2. Mapping on the Steiner Surface. The substitutions of 
the G, outside of identity, expressed as collineations, are the 
three involutorial perspectives 


= oe oe 
I, = (exf = — 1, pxt = %2, pxs = Xs), 
Tz, = (px{ = m1, pxz = — X2, pxz = Xs), 
= e =  ——— 
I; = (pxi = m1, px2 = Xe, pxg = — Xs), 


which leave the quadruple G, invariant. If we propose 
to construct those integral rational homogeneous functions 
in (x) which are invariant under these perspectives, we 
must form homogeneous functions of the squares of the 
variables: F(x?,x?, x7). The simplest set of these is 
evidently a,x; +a2x? +a;x? =0, of which type there are only 
three linearly independent. These conics form a net with 
A,A2A; as a common self-polar triangle. Next in order is the 
quartic 


(1) byxyt + boxe + boxset + cyxP x? + conf a? + cox? x? =0, 
which may be reduced by a collineation to the form 
(2) aywP a? + aoxfPx? + agxPx? + as(xt + x4 + x34) =0, 


so that all quartics of the webb (2) may be expressed 
linearly by the relations 


2 


pyi= xixF, py2= xFxh, pys = xf 


xf, 
(3) 4 + o 

py, = xi + xt + xf. 
From (3) it is evident that to the quadruple G, in (x) 
corresponds in the space (y) uniquely a point. The locus 
of these points is easily obtained as the Steiner surface 


r, 
(4) yey? + yh yy? + ys’? — yiyeysys = 0. 


Hence we may state the following theorem. 





* Emch, A., Some geometric applications of symmetric substitution groups, 
American Journal of Mathematics, vol. 45 (1923), pp. 192-207. 
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THEOREM 1. By the transformation (3) the Steiner 
surface (4) is mapped upon a plane, so that to a generic 
point on the surface correspond four points B, B,, Bo, B; of 
a self-projective quadruple in the group of involutions 
I, 11, Ie, Is. 

3. Properties of Quadruples. Toa plane section of 'y by ayy, 
+ 42¥2+43¥3+44y4=0 corresponds in (x) the quartic (2). 
In particular to a section of I, by a plane through the 
triple-point A, of I’, corresponds the quartic 


(5) 04%27x3" + dex3?x1? + agxi?x2? = 0, 


and to the section by y,=0 the quartic 


(6) sft + 24+ xf = 
The quartic (5) is the transform of the conic 
(7) ax," + AexX2? + a3xP = 0, 


by the quadratic transformation px{ =%2x3, px? =%3%1, 
px3 =%X1X2. To the conic (7) corresponds on I, a conic 
which is the residual intersection by the quadric ayyoys 
+42y3¥1+43¥1¥2=0. When a point B lies on (7), then all 
points of the quadruple G, determined by it lie on it. Now 
two generic points determine the conic (7), so that we 
have the following obvious theorem. 


THEOREM 2. Two arbitrary distinct quadruples Gs le 
on a definite conic of the net (7). 


A tangent plane at a generic point P of I, cuts the surface 
in two conics K; and Ke, whose four intersections lie at P 
and on A4A,, AsA2, A4A3. To these conics correspond in (x) 
two conics on the quadrangle corresponding to P. Obviously, 
any conic in (x) may be one of these conics. The product of 
the two conics in (x), corresponding to K, and Ke, must have 
the form (2). Hence when ax? +a2x7 +a3x?7 =0 is one of the 
conics, the other }\x? +.x?-+b3x? =O must be such that 
their product will have the form (2). This is the case when 
bi=1/a;, be=1/a2, b3=1/a3, so that their product, 
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(aix? +aox? + asx?) (a2a3x? +a301x? +a1a2x?) =0, when 
expanded in the form (2), becomes 


(8) ay(ae" + a3”) x2"x3? + a2(a3? + a1”) x37? 
+ a3(ai? + a2?) xy?x2? + aideas(xit + xf + xf) = 0. 


The plane to whose section with I, corresponds in (x) the 
degenerate quartic (8) is therefore 


(9) a,(a?” + a3") ¥1 + a2(a;3" + ay") y2 
+ a3(a;" + a2”) yz + 410203V4 = 0. 


As the coordinates of this plane are pu,=a,(a? +a), 
pu2=a,(a?+a?), pus=a;(a?+a?), pus=a,a2a3, the en- 
velope of the tangent-planes of the Steiner surface, by 
elimination of the a’s, is easily obtained as 


(10) 4ug — (ue + u? + uf)ug + uuu; = 0, 


a cubic of class 3, as is well known. 

Consider now a generic line g in (y) cutting [ in four 
points P;, Ps, P3, Ps To these correspond in (x) four 
quadruples Gj, G?, G3, G, which together form the base 
points of the pencil of quartics corresponding to the plane 
sections through g. Through g we can draw three tangent 
planes to I’, according to (10), which touch I’, in 7), Te, 73. 
To these T’s correspond in (x) three quadruples D,, De, D3. 
The tangent planes th), f, fs cut I’, in three pairs of conics, 
of which each passes through the four P’s and one of the 
points J, and to which correspond in (x) also three pairs 
of conics. Each of the latter contains all four quadruples 
G,', 1=1, 2, 3, 4, and one of the quadruples D. Hence the 
quadruples G,; and D are as entities precisely in the rela- 
tion of a complete quadrangle with its three diagonal points. 

The analogy of the quadruples G and D with a complete 
quadrangle leads to a very simple geometric proof that the 
Steiner surface is of class 3. Through the quadruples G we 
can pass three pairs of conics K(G?, G?), K(G#, G#); 
K(G?, G?), K(G?, G#); K(G?, G#), K(G?, G#?), such that 
each pair contains all four quadruples. Each of these pairs 
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has a quadruple D as base points, and to each corresponds 
on I’, two conics through ?;, P2, P3, Ps and one of the 
points T. The plane of these conics touches ',at T. Hence 
there are three such tangent-planes through g to the Steiner 
surface. These results may be stated in the following form. 


THEOREM 3. The quadruples of the involutorial G4 in the 
plane (x) may be arranged in groups of seven according to a 
complete quadrangle array. Any two quadruples in (x) deter- 
mine such a configuration. Thus there are ~* such configura- 
tions. To each such configuration correspond on the Steiner 
surface the four intersections of a line g with 1's and the three 
points of tangency of the tangent-planes from g to T's. 


4. Quadruples on Quartics. To a point on Ty: 
Yi, V2, Ya, (YF ¥F + yd oP + yy? yF)/(yy2¥s), 
corresponds in (x) the quadruple 


[(yoys)"?,  (ysys)"?, (yry2)"?] 5 [—(oeys)", (ysms)!2, — (nye)"?] 5 
[(yoys)"?, —(ysy1)"?,(ry2)"?] 5 [ (yee), (vsyn) "2, — (ory)? I. 


To a point on x,=0 corresponds on Is, pyi=x2x?, 0, 0, 
pys=X2'!+x3', that is, a definite point on A,A; in (y). To 
this same point, corresponds in (x) a quadruple which lies 
on x,=0, and which, from the form of the equation 
Xo! — (91/44) X22x3?-+43'=0, is easily seen to have the form 
(0, x2, x3); (0, x2, —x3); (0, x3, x2); (0, x3, —x2). The third and 
fourth of these points are obtained by projecting the inverse 
of (x1, x2, X3) and (x1, x2, —x3) in the quadratic involution 
x; =1/x; from A; in (x) upon x;=0. The first two points, 
each counted twice, must be considered as a degenerate in- 
volutorial quadrangle. The same is true of the other two. 
Now a generic line / in (x) cuts a quartic C, in four points; 
consequently to / corresponds on I’, a space quartic L4, since 
it cuts the curve D,, corresponding to Cs, and its plane in 
four points. As / cuts each of the sides of the coordinate 
triangle in one point, L4 cuts each A4A1, A4A2, A4As; in (y), 
say in B,, Bz, B;. To Ls correspond in (x) besides / the three 
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associated lines /;, lz, 1; in the involution, which together 
form an involutorial quadrilateral L whose vertices lie two 
by two on the sides of the coordinate triangle. If a:x:+ 2x, 
+a3x3;=0 is the line /, then the pole of / with respect to the 
coordinate triangle A,A2A;3 is E(a,@3, a301, @:@2) and its 
quadratic transform F(ai, a2, a3). The triangular polar of 
F is m = 203%, +4301X2+4302x3=0. This determines another 
involutorial quadrilateral M=mm,m.m; in (x) whose ver- 
tices lie again by pairs on the sides of A1A2A3. To these ver- 
tices correspond on I’, the same points B,, Bz, B; as in the 
case of L. To the quadrilateral M corresponds on I, a 
space quartic M, through B,B.B;. The plane 6 of these 
points cuts I’, in a quartic By, and L4 and M, each cut B, 
in a fourth point outside of B,, Bz, B;. The plane 6 has the 
form 
(11) B= a? (as + a#)y1 + af (a3 + ai) ye 

+ a? (as + as)ys — afaPa? ys = 0. 
Denoting the coordinates of this plane by 1, we, 3, 4, its 
envelope is easily found as the class-cubic 


(12) 4ug — (u? + u? + u?)ug — uyueuz = 0. 


This is, however, different from the Steiner class-cubic. The 
plane 8 cuts I’, in a quartic B, to which corresponds in (x) 
the quartic NV: 


(13) af (ast + as)x2 ax? + a? (as + at) a? a? 
+ af (as + as) xPx? — afafaz (xi + xt + xs) =0. 


N passes through the 12 vertices of the quadrilaterals L 
and M in (x), and moreover through the involutorial quad- 
rangles corresponding to the fourth intersections of L,4 and 
M, with By. These results may be stated as follows. 


THEOREM 4. There exists in (x) a system of quartics which 
cut the sides of the fundamental triangle of the involution in 
12 points of two complete quadrilaterals. To these correspond 
in (y) two space quartics through the same three points B,B.B; 
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on the double lines of Ts. The locus of the planes B is a certain 
class-cubic. 


To the general invariant quartic of the involution 
(14) bixyt + boxset + baxf + cixP x? + conf x? + cox? x? = 0 
corresponds on I’, a space quartic cut out by the cone 
(15) diy? y? + boy? y? + bay? y? + yiyeya(cryit covet cays) =0, 


which has A4A;, A4A2, A4A; in (y) as nodal lines. When 
b,=b2=b3=c4, then by means of Ty, (15) reduces to cx; 
+¢2x2+¢3x%3+¢4x4=0, which verifies the results in case of a 
plane quartic on Ty. 

Concerning the base points of a pencil of quartics of the 
general involutorial type we may state the following fact. 


THEOREM 5. The 16 base points of a pencil of involutorial 
quartics in (x) form 4 involutorial quadruples which lie two by 
two on 6 involutorial conics. 


5. Flexes and Double Tangents. If we draw the three tan- 
gent-planes from a line g to Ty, they cut I’, in three pairs of 
conics through (P,P., P3Ps); (PiP3, PePs); (PiPs, PePs). 
With every couple P;P; is associated just one such conic, 
just as in (x) there is just one conic through the quadruples 
G,' and G,*. As two of the points P determine the remaining 
two on the line joining them, it is evident that there is just 
one such conic through two generic points P; and P; on T. 

A generic plane cuts IT, in a rational quartic to which 
corresponds in (x) a quartic C, without double points. 
This is clear, since to a double point of Z on A4A, in (y) 
correspond in (x) four distinct points on A2A3, and to every 
other point of Z corresponds a proper involutorial quadruple 
on Cy. The Hessian of C, is a sextic Hg which as a covari- 
ant of C, cuts C,in 6 involutorial flex-quadruples. Hence to 
H, corresponds on I'4a sextic which cuts the quartic L, cor- 
responding to C,, in six points. These form 15 couples P;P; 
and through each of these couples passes a conic on I,. 
Hence we may state the following theorem. 
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THEOREM 6. The 24 flexes of a quartic Cy in (x) lie on 15 
conics, of which each contains 8 of the 24 flexes. 


This follows, of course, also from the fact that any two 
generic involutorial quadruples lie on a conic. 

For a plane of the pencil y:+y2+y3+A94=0, the corre- 
sponding quartic C, in (x) becomes symmetric, so that with 
every point on C, are associated 5 other points which to- 
gether lie on a conic. Hence in this case, in addition to the 
15 conics of the flexes there are 4 other conics of which each 
contains 6 of the flexes. 

The 28 double tangents of C, may be grouped in 7 in- 
volutorial quadrilaterals, each with two involutorial quad- 
rangles of points of tangency, so that the 56 points of tan- 
gency form 14 involutorial quadrangles. 


THEOREM 7. The 28 double tangents of the Cy form 7 in- 
volutorial quadrilaterals whose 56 points of tangency lie 8 by 
8 on (';)=91 conics. 


6. Tropes. There are four tangent planes touching I’, along 
conics. To these correspond in (x) four couples of coincident 
conics, which must have the form (ax? +aex? +a3x?)? = 
afxt+afxd +aPxd +2 (aydex? x? +a2a3xP x? +030:x7 x?) =0. 
But for a quartic corresponding to a plane section there must 
be a? =a? =a?, which for (a;, a2, a3) gives the possible 
solutions (a, a, a); (—a, a, a); (a, —a, a); (a,a, —a). Con- 
sequently the four tropes of the Steiner surface are 


2(y1 + ¥2 + ys) + ys = 0, 
2(y1 — y2 — Ya) + 0 = 0,7 
2(— yi + y2 — Ya) + ye = 0, 
2(— y1 — Ye + ys) + ya = 0. 


(16) 


7. Quartics on Gys. When (x) and (x’) are connected by the 
quadratic involution x/ = 1/x;, then the corresponding points 
P(y) and P’(y’) on the map I, are also birationally con- 
nected. The corresponding involution on I, has the form 
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(17) dyi = yoys, dye = yay, Sys = iyo, 
byd = yi? + ys? + y3?, 


considering that y,=(y?y? +y?y? +y?y?)/(yiyeys). If we 
form the line coordinates pi. = yiyé —yxyi of PP’, we obtain 
a rational congruence, whose intersection with a complex is 
a ruled surface which cuts I’, in an invariant curve of the 
involution (y)=(y’). To these correspond in (x) invariant 
curves of the involution (x) = (x’). Such curves are for 
example the sextics 


(18) ar (x? = af)? + xP (xf pin! xy)? + xF (x? —_ xP)? = 0, 


which is the locus of couples of corresponding points (x), 
(x’) on the tangents of the class-conic u? +u?+u? =0, and 


(19) x? (a? + x7)? + xP (x? + xf)? 
+ xf (x? + xf)? + dxPafad = 0. 


Both are invariant in the Cremona group G4s, which is the 
product of the quadratic involution and the octahedral group Go. 
The curve (18) has the vertices of the fundamental triangle 
and the four invariant points of the quadratic involution as 
double points and is of the genus three type. 
8. Clebsch and Liiroth Curves. The quartics which are 
invariant under the octahedral group G2; have the form 


(20) Txt + OATx7Z x7 = 0. 


Some of these curves are rather well known.* The covariant 
S is in the pencil, and the parameter \ for S has the value 
\’ = (2—2d3—d*)/(64). The question whether there are 
any Clebsch and Liiroth curves in the pencil can easily be 
answered by determining those values of \ for which the 
so-called Clebsch determinant of order 6 vanishes. 

In case of the quartic (20), this determinant reduces to 
the form 





* Ciani, E., I vari tipi possibili di quartiche piane piu volte omologico- 
armoniche, Rendiconti di Palermo, vol. 13 (1899), pp. 347-373. 
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The roots are A\=0, A=1, A= —1/2. The first two roots are 
three- and two-fold,” respectively. For \=0 we obtain the 
Dyck curve for which the covariant S becomes indeterminate. 
For \=1 the apolar conic has the form a(u?—u?) 
—b(u? —u?)=0, and (20) becomes 
Ce = (41 + x2 + x3)4 + (— 41 + %2 + 43)! 

+ (x1 — x2 + x3)* + (x1 + x2 — x3) = 0, 
S = (x1 + x2 + x3)(— x1 + x2 + 43) 

* (a1 — w+ %3) (x1 + %— X3) = 0. 
For \=—1/2, the apolar conic simply assumes the form 
u?+u?--+u? =0, and 
Cy xy + xe! + x34 = 3( x? x? + xe xe + xf xf) = 0, 


S = xf + xf + xf + 7(eP x? + xP x? + xP x?) = 0. 


These Clebsch and Liiroth curves invariant under the octa- 
hedral collineation group seem to be new. 

The construction of these curves, outside its tediousness, 
does not present particular difficulties. Any tangent t, of the 
apolar conic cuts S in four points from which four other 
tangents fo, ts, ts, fs may be drawn. These together with the 
first form one of the ©! pentagons inscribed to the Liiroth 
curve. By means of such a pentagon both curves may be 
represented in the well known manner: 


Ca = Lat? s= 0, re = Lbs jxatit tit = o: 


THE UNIVERSITY OF ILLINOIS 











METRIC ASPECTS OF PROJECTIVITIES 


ON A CERTAIN METRIC ASPECT OF PLANE 
PROJECTIVE TRANSFORMATIONS* 


BY LULU HOFMANN 


1. Introduction and Results. This paper contains the study 
of a special type of metric relations between projective planes. 
To bring out clearly the point of view from which the planes 
are considered, we first briefly summarize the principal 
known facts about the subject in general, remarking that by 
“metric’’ relations we refer merely to properties based on the 
ordinary euclidean measure of a straight line segment and an 
angle. 

Let a and 2’ be two projectively related planes.f At a 
general point of r(7’) there are ©! angles and on a general 
line ©! segments which preserve their size under the trans- 
formation. These angles and these segments form an involu- 
tion at the point and on the line. 

There exist, however, in 7 and x’ two distinguished pairs 
of corresponding points, the focal points, and two distin- 
guished pairs of corresponding lines, the equi-segmental 
axes, such that all corresponding angles at these points and 
all corresponding segments on these lines are congruent. 
In either plane, these points and lines lie symmetrically 
with regard to the vanishing line. If the distance of the 
focal points from the vanishing line is c in 7 and c’ in 7’, 
then the distance of the equi-segmental axes from this line 
is c’ in t and cin 7’. The quantities c and c’ are called the 
parameters of the transformation, and the line joining the 
focal points in either plane is called the focal axis. 

Thus in two projective planes, the metric properties of 





* Presented to the Society, October 27, 1928. 
{ For the following see H. J. S. Smith, Memoir on the focal properties 
of homographic figures, Collected Works, vol. 1, p. 545-602. We assume 
with Smith throughout this paper that the projective transformation con- 
sidered is a general one, and we exclude the affine case. 
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corresponding segments on corresponding lines and of corre- 
sponding angles at corresponding points are known. In this 
paper, we start out from a new combination of elements, 
namely we study the metric properties of corresponding 
segments at corresponding points. We choose an arbitrary 
pair of corresponding points Py and Pg in mw and x’ and 
examine those segments radiating out from Pp» which 
preserve their length as they are transformed into segments 
radiating out from Py. In other words, after choosing a fixed 
pair of corresponding points Po and Pg , we determine the locus 
of the points P of w such that the segment PP, 1s congruent to 
the transformed segment P’'P, . 

The locus of the points P of 7 such that 
(1) PP, = P’P; 
where P, is fixed, is found to be a bipartite quartic Q of 
genus one. Its two branches* lie on opposite sides of the 
vanishing line; they intersect only at the infinite point of 
this line, thus making it a double point, and each there has 
the corresponding equi-segmental axis for its asymptote. 

The second double point of Q lies at the fixed point Pp. 
It is a node, a cusp, or an isolated double point, according 
as there are two, one, or no real line elements at Py which are 
equal to their corresponding elements at Py. The points of 
x belonging to the second class form a bipartite sextic which 
separates those of the first from those of the third class. 

The quartic Q is tangent to the circles about Pp» as center 
at the cyclic points. On any such circle there are therefore 
four, and on a general algebraic curve of the mth order? 4n 
finite points obeying condition (1). 





* For the sense in which we use the word branch we refer, for example, 
to the definition of complete branch given by H. G. Zeuthen in the first 
paragraph of his paper Sur les différentes formes des courbes planes du 
quatriéme ordre, Mathematische Annalen, vol. 7 (1874), pp. 420-432. In 
translation: “We denote by complete branch the part of a plane curve which 
can be described in a continuous manner by a point which, after having 
passed once through every fixed point, returns to its initial position.” 

+ A curve not passing through the cyclic points and the infinite point 
of the vanishing line. 
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Aside from all metric considerations, Q may be described 
in a purely projective manner as the locus of the »! double 
points determined by the projectivity of 7 and 7’, as these 
planes are laid onto one another in the ©! ways possible 
such that Py» and P,’ coincide. 

The extension to the case where corresponding segments 
at corresponding fixed points are required not to be equal 
but to form an arbitrary fixed ratio k>0O, so that 
PP,=k-P’P,, furnishes nothing new. It is identical with 
the original problem for the transformation with the para- 
meters c and V/k-c’. 

2. Fundamental Properties of the Locus Q, its Double and 
Infinite Points, its Real Asymptotes, and its Branches. We 
represent the projective relation between a and 7’ in the 
canonical form,* choosing the focal axis and the vanishing 
line in either plane as the xy and x’y’ axes. The trans- 
formation formulas then are 


(2) in, ees 


c and c’ are the parameters of the transformation; the focal 
points of z[z’] have the coordinates (+c, 0) [(+c’, 0)] and 
the equi-segmental axes the equations x= +c’[x’= +c]. 

Let Po(xo, yo) and Pg (x¢, yo) be the fixed pair of cor- 
responding points. Then the locus of the points P such that 

PP, = P'Py 
is obtained by replacing in 
(x — xe)? + (y — ye)? = (x — 26)? + (y’ — 9)? 

the primed coordinates by the unprimed ones according to 
the formulas (2) of transformation. After ridding the 
resulting expression of its denominators and writing it in the 
homogeneous coordinates x, y, ¢, instead of x, y, we obtain 


(3) x? x®[(x — xot)? + (y — yot)?] 
— [cx — xol)? + (xo — y%o)?] = 0. 


* See the above cited paper by Smith, p. 561. 
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The locus (3) of the points P fulfilling condition (2) is a 
quartic curve. We call it Q. It is obvious from (3) that Q has 
double points at (xo, yo) and (x=t=0), that is, at the fixed 
point Po, and at the infinite point of the vanishing line (y-axis). . 


ye wre 

















Fic. 1. ScHEMATIC FicurE oF Q (Focal points F; focal axis f; vanish- 
ing line v; and equi-segmental axes e). 


The substitution of x = +c’t into (3) furnishes two ex- 
‘pressions with the factor #. It follows that Q is tangent to 
the two equi-segmental axes at infinity and therefore always 
has a node at the infinite point of the vanishing line. 

Besides this node, Q has in common with the vanishing 
line the points (0, +7c)* and with the line at infinity the 





* These points correspond to the cyclic points of x’. 
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cyclic points. Thus, since it does not have any real finite 
points on the vanishing line, nor any real infinite points 
except (x=/=0), and since it has two real distinct asymp- 
totes, parallel to and lying on opposite sides of the vanishing 
line, it follows that Q consists of two branches separated by 
the vanishing line and intersecting only at the infinite point 
of this line. Obviously the branches are odd (they have only 
one point of intersection). 

If we consider a segment PP» not only with regard to its 
end points but with regard to all the points which make it up, 
we have to distinguish between the two branches of Q. Fora 
segment with its end point P on that branch of Q which lies on 
the same side of the vanishing line as Po, is transformed 
point by point to the segment P’P{ ; while, if P lies on the 
other branch, the segment PP», contains a point of the 
vanishing line and corresponds therefore point by point not 
to P’P@ itself but to the complementary infinite segment. 

3. The Intersections of Q with the Circles about Po and the 
Character of this Point as a Double Point. The Sextic S. 
Properties of Symmetry of Plane Projectivities. It is obvious 
from the first term of (3) that Q not only contains the cyclic 
points but is there tangent to the circles about Po as center. 
It follows that Q has in common with any such circle four 
finite points; when the radius of the circle is sufficiently large, 
they are all real, as is evident from the character of Q. There 
is only one imaginary circle which intersects Q three times at 
each of the cyclic points. 

If r is an arbitrary length, there are always exactly four 
points at this distance from Po which are transformed into 
points at the same distance from P@. 

To find the four points of 7 belonging to a certain distance 
r, independently of Q, we invert for a moment the hitherto 
considered order of transformation, regarding 7’ as the origi- 
nal and z as the transformed plane. A circle of radius r 
about P is transformed into a certain conic of . The four 
points in question are found by intersecting this conic with 
the circle of radius r about Py itself. 
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If we take for r a vanishing quantity dr, the conic in + 
becomes a vanishing ellipse with P» as a center* and there- 
fore has in common with the concentric circle of radius dr 
two real distinct, coincident, or imaginary diameters. This 
means there are two real distinct, coincident, or imaginary line 
elements at Py which are equal to the corresponding elements 
at Pj, and accordingly Py is a node, a cusp, or an isolated 
double point for Q. We denote the points of the three different 
types as N-, C-, and J-points. 

We determine the character of Py analytically, by demand- 
ing that it be a triple point of intersection with Q for the line 
y—Yo=a(x—xXo) and investigating when, under this con- 
dition, a assumes two real distinct, coincident, or imaginary 
values. Calculation shows that these cases occur according as 


(4) 2 xott? + c xg le (ye _ ct?) — Xo° == c2c" 4196 


is greater than, equal to, or less than zero. 

Expression (4) equated to zero and considered as an equa- 
tion in xo, Yo, fof shall be referred to as the sextic S. S is 
the locus of the C-points and separates the N-points from 
the J-points. 

For the intersections of S with the focal axis we have 
xo= tc’, +(cc’)'”, +i(cc’)'*. Let us denote by I and y the 
greater and smaller of the quantities c and c’. It is easily 
seen that both when |x» | <v¥y and when |xo | >T,(4) is nega- 
tive, while it is positive when |xo|=c’, yox0. This indicates 
the division of z into the regions N and J as shown in Fig. 2. 

We easily deduce the main properties of S by equating (4) 
to zero. S is symmetric with regard to the vanishing line 
and the focal axis. At the infinite point of the vanishing 
line, it has four coinciding points of intersection with a 
general line, and six with the vanishing line itself and with 





* Disregarding infinitesimals of higher order than dr. See Smith, p. 559. 
+ We have again replaced the non-homogeneous coordinates by homo- 
geneous ones. The suffix zero merely indicates that the respective point 
appears in the character of the fixed point of our problem. 
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the focal axis. Thus these two lines are the only tangents of 
S at its quadruple infinite point. Referring to the symmetric 
character of the curve, one can show that this point, besides 
being the only infinite one is also the only multiple one of S. 
It follows that S consists of two branches which each have a 
point of self contact at the infinite point of the vanishing line. 
The first branch intersects the focal axts at the points x= + and 
is tangent at infinity to the vanishing line. The second inter- 
sects the focal axis at the points x = +T and ts tangent at infinity 
to the line at infinity itself. 


e e 


» 














Fic. 2. ScHEMATIC Ficure of S. 


We have stressed the symmetric character of S. We add 
the remark that two curves Q‘” and Q‘* belonging to points 
Po and Po which lie symmetrically with regard to the 
vanishing line or the focal axis, are mutually symmetric with 
regard to the respective line. This includes as a special state- 
ment that the Q-curve belonging to a point Po on the focal 
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axis, is itself symmetric with regard to this axis. The metric 
point of view brings out the symmetric properties of plane 
projectivities. 


4. Interpretation of Q as 1 and x’ Coincide and Proof that 
it is of Genus One. Let 7’ be laid on 7 in such a manner 
that P, and Pg coincide. There will be two more points, 
say P, and P: of a which coincide with the corresponding 
points of xz’, thus with P») forming the three double points 
of the transformation. By definition, P; and Pz lie on Q; 
for, being a double point of the transformation, P,;=P/{ 
(P2=P/) asa point of r has the same distance from P, that 
it has from Pf asa point of x’. Thus, Q is the locus of the 
co! double points determined by the projectivity as m' is laid 
on in the ©! ways possible such that Py and Pg coincide. 

Choosing one definite such position of 7 and x’ with the 
double points Po, P; and P2, let us consider the line / through 
P, and P;. It cuts Q in a fourth point (P» counting as two), 
say P,*. The point P,;* belongs, as a double point of the trans- 
formation, to that position of 7 and 2’ which is obtained from 
the one considered by rotating 7’ through an angle of 180° 
about the perpendicular to / which lies in 7 and passes 
through Pp». Accordingly, P; and P;* can coincide only at 
the point P» or at infinity. On the other hand, the coincidence 
of P; and P,* is equivalent with the existence of a double 
point of Q, so that double points of Q can occur only at Po 
and at infinity. But we know that Q has only one infinite 
double point, namely, at x=t=0. Thus we have proved that 
Q has exactly two double points and is therefore of genus one. 


5. Degenerations of Q and Specializations of S. To study 
the cases in which Q degenerates, we let Po» assume all 
possible positions excepting those on the vanishing line and 
the line at infinity. The character of our problem makes it 
natural to consider only such finite points Py which are 
again transformed into finite points Pg. 

Owing to the fact that Q consists of two branches lying on 
opposite sides of the vanishing line and each having one of 
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the equi-segmental axes for its asymptote, the only possible 
degenerations of the curve are those in which it contains one 
or both of these axes as a part. Calculation shows that in 
the first case Py lies on one of the equi-segmental axes 
(x9 = (tyc’) and in the second case at one of the focal points 
(xo =, yo=0). The corresponding equations for Q are 


(x ¥ yc’t) [ (a cF c't) (x? — cf?) + y{ x(y _ 2yot) + yc’ yt} J = 0, 
(x? — ¢’%t) [(a(F cl)? + y?] = 0. 


When Py lies on one of the equi-segmental axes, Q consists of 
the respective axis and a cubic, which 1s made up of an oval 
through Py and an odd branch with the other axis for its asymp- 
tote. The branches lie on opposite sides of the vanishing 
line and contain the respective focal points. 

When Py lies at one of the focal points, Q consists of the ab- 
solute lines through this point and both equi-segmental axes. 

The degenerations of Q are caused by special positions of 
P, and occur in every projectivity, that is for every value 
of the parameters c and c’. S, however, depends on these 
parameters only. It is evident from its constitution that it 
cannot degenerate, but that it specializes when c=c’. In 
this case it becomes unipartite and adds to its quadruple 
singularity at infinity two nodes at the focal points. On the 
contrary, the equality of c and c’ has no essential effect on 
a general Q-curve. 


6. Extension of the Problem to the Case of Corresponding 
Segments forming a General Fixed Ratiok>0. We have so far 
investigated the locus of those points of 7 whose distances 
from a fixed point Py remain unchanged under the trans- 
formation. The investigation immediately extends itself to 
the case in which we require these distances to be changed 
according to any fixed ratio k(k>0): PP) = k-P’P¢. Then 
(3) assumes the form 


(3)’ xe? x?[(x — xot)? + (y — yot)?] 
— ke'*t?[c2(% — xot)? + (xyo — yxo)?| =e 
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But this is the equation corresponding to the original 
problem (k=1) for a projectivity with the parameters c 
and\/k-c’. The new curves Q; and S; are therefore of exactly 
the same type as Q and S. The ' curves Q; belonging to the 
same point P» form a pencil whose base points are P» itself 
and the infinite point of the vanishing line, each counted four 
times, and the cyclic points and the points (0, +7c), each 
counted twice. 


7. Summary. In conclusion, we repeat the fundamental 
results of the preceding discussion in a form no longer dis- 
tinguishing 7 before 7’, but stressing the obvious symmetry 
of the problem with regard to both planes. 

In two projective planes there is associated with every 
fixed pair of corresponding points and every value of a posi- 
tive quantity k a pair of bipartite quartics of genus one 
corresponding in the projectivity which are the loci of all 
the pairs of corresponding points whose distances from the 
respective fixed points form the ratio k. Moreover there is 
associated with every value of & a pair of bipartite sextics 
corresponding in the projectivity which are the loci of all 
those pairs of corresponding points at which there exists one 
real pair of corresponding line elements forming the ratio k. 
These sextics separate the points of their planes where there 
are two such pairs from the points where there is none. 

The problem discussed in this paper immediately suggests 
two new ones. First, the problem corresponding by duality: 
the study of the pairs of corresponding lines forming con- 
gruent angles with two corresponding fixed lines. Secondly, 
the extension to spaces of higher dimensions. These problems 
lead to curves of the fourth class and hypersurfaces of the 
fourth order, but do not appear to furnish essentially new 
results. 


CoL_uMBIA UNIVERSITY 
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LANDAU ON NUMBER THEORY 


Vorlesungen tiber Zahlentheorie. By Edmund Landau. Volume I: Aus der 
elementaren und additiven Zahlentheorie. xii+-360 pp. Volume II: 
Aus der analytischen und geometrischen Zahlentheorie. vii+308 pp. 
Volume III: Aus der algebraischen Zahlentheorie und iiber die Fermatsche 
Vermutung. vii+341 pp. Leipzig, S. Hirzel, 1927. 

These three excellently printed and arranged volumes form an addition 
of the highest importance to the literature of the theory of numbers. 
With them, the reader familiar with the basic elements of the theory of 
functions of a real and complex variable, can follow many of the astonishing 
recent advances in this fascinating field. His interest is enlisted at once and 
sustained by the accuracy, skill, and enthusiasm with which Landau 
marshals the analytic facts and simplifies as far as possible the inevitable 
mass of details. 

Part I of Volume I gives a treatment of the elements of the theory of 
numbers up to the theory of quadratic residues and of the Pellian equation. 
This occupies a little over 50 pages. In Part II is first deduced the ele- 
mentary inequality 


ak/log E < (E) < aet/log E 


for the number of primes 7(£) not greater than ¢, after which follows the 
proof of the theorem of Brun (1919) that, if the number of “twin primes” 
p, +2 is infinite, these are at least so infrequently distributed that the 
series of reciprocals 


ee we ea 
3 5 7 1G ade Fe 


converges, in contradistinction with the series of the reciprocals of all 
primes, which diverges. The reader is then introduced in the same part II 
to characters x(a) mod k, and the associated Dirichlet series, by means of 
which is established Dirichlet’s classical theorem that every arithmetical 
progression /+-ks(s=1, 2, - - - ) contains infinitely many primes if / and k 
are relatively prime. 

All of this material in Parts I and II, which acquaints the reader with 
some of the most interesting ideas in number theory, occupies slightly 
less than 100 pages. 

In Part III are obtained the classical theorems concerning the repre- 
sentation of an integer as the sum of two, three, or four squares, and in 
Part IV are developed the classical results concerning the class number of 
binary quadratic forms. 

Part V presents that part of the recent extraordinary series of re- 
searches, Some Problems of “Partitio Numerorum,” Parts I-V (1920-1925), 
by Hardy and Littlewood, which lies in the direction of Goldbach’s conjec- 
ture that every even integer >2 can be expressed as the sum of two odd 
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primes. Under the hypothesis that not only Riemann’s function ¢ (s), but 
al! of the similar functions defined by Dirichlet series, L(s), have no 
zero for s with real part >© with © a definite constant <3, it is proved 
that every sufficiently great odd integer is representable as the sum of 
three odd primes, and that “almost all” even positive integers are the 
sum of two odd primes. 

The sixth and last part of Volume I develops the part of the results 
of Hardy and Littlewood bearing on Waring’s theorem (first proved by 
Hilbert, 1909), that any integer can be expressed as the sum of a fixed 
number g of nth powers, g=g(m), in which they go a considerable distance 
toward determining the nature of the number theoretic function 
G(n) Sg(n) representing the number G of powers sufficing for all large in- 
tegers, and the function G;(m) SG(m) representing the number G, sufficing 
for almost all large integers; for example, it is proved that 


G(n) S (m — 2)2712 +5. 


It is interesting that Landau’s beautiful earlier result G(3) <8 (1909) 
escapes the analysis of Hardy and Littlewood who prove only G(3) $9. 

At the end of this part is found Vinogradoff’s brief proof (1922) of 
Waring’s theorem, involving the use of Weyl’s approximation theorems 
(1916), occupying in all less than 20 pages. 

In Part VII, Volume 2, the principal result (Littlewood, 1924) is that 
the difference between the prime number function x (x) and _f¥ (du/log u) 
is of the order of 

sce (logxlog logx) 12 


at most. This result, as well as the analogous fact for any (x; k, 1) is 
proved in a direct and simplified manner by Landau. Here the comparison 
with the earlier result of de la Vallée Poussin that this difference is of the 
order 

sea logx) 2 


at most, measures the progress made since the appearance of Landau’s 
Handbuch der Lehre von der Verteilung der Primzahlen (1909). 

Part VIII of the same volume takes up thoroughly the number theoretic 
function A (x), defined as the number of integer pairs (u, v) for which 


u2+v Sx, 


that is, the number of points with integer cartesian coordinates within or 
on the boundary of the circle of radius x”? and with center at the origin 
in the u, v plane. The fact that A(x) — xx is of the order of x‘/? at most is 
trivial. The major question is to determine as far as possible the order @ 
of this difference, the above trivial result showing that 6<1/2. Here the 
facts established are 0621/4 (Hardy and Landau, 1915) and @<1/3 
(Sierpinski, 1906; van der Corput, 1923). Similar results are deduced for 
other curves. 

The first part of Volume 3 (Part XI) expounds the classical theory 
of algebraic numbers and ideals. Here the principal new development 
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to be found is the proof of Thue’s theorem (1908) that if g(x, y) is an ir- 
reducible homogeneous polynomial of degree n >2 with integral coefficients, 
the equation g(x,y) =a for a given integral value of a has only a finite 
number of solutions. The main purpose of this part is to develop as much 
of the theory of ideals which is necessary to establish the known results 
concerning Fermat’s famous conjecture that the equation 


x” + y*® = 2" 


has no integral solution x, y, z with xyz#0 for >2. In particular the 
proof of Kummer’s theorem that the conjecture holds for n=), a regular 
prime, is given in full. The concluding part deals with some recent results 
of Furtwingler (1912), Wieferich (1909), Mirimanoff (1910), and Vandiver 
(1914, 1919). 

The mathematical world owes a great debt of gratitude to Professor 
Landau for rendering accessible so many of the recent splendid achieve- 
ments in the theory of numbers. 

G. D. BIRKHOFF 





THREE BOOKS ON WAVE MECHANICS 


Four Lectures on Wave Mechanics. By Erwin Shrédinger. London and 
Glasgow, Blackie and Son, 1928. viii+53 pp. Price 5 s. 

Collected Papers on Wave Mechanics. By Erwin Schrédinger. Translated 
from the 2d German edition by J. F. Shearer and W. M. Deans. 
London and Glasgow, Blackie and Son, 1928. xiii+146 pp. Price 25 s. 

Selected Papers on Wave Mechanics. By Louis de Broglie and Léon Brillouin. 
Translated by W. M. Deans. London and Glasgow, Blackie and Son, 
1928. 151 pp. Price 15s. 

The wave mechanics proposed by de Broglie and Schrédinger has as- 
sumed during the short space of two years such a dominant role in the 
field of atomic physics that these three books in English by the authors of 
the new theory will be eagerly welcomed by physicists and mathematicians 
in England and America. 

Schrédinger’s Four Lectures on Wave Mechanics were delivered at the 
Royal Institution last March. In them are explained the ideas underlying 
the wave mechanics and some of the more important applications of these 
ideas. The exposition is somewhat popular in form, the mathematical 
details of computation being omitted from the text. The first lecture un- 
folds the relation between geometrical optics and classical dynamics as 
exhibited by the correspondence between Fermat’s principle and the 
principle of Maupertuis (least action). It is this correspondence which 
suggests that classical methods are no more applicable to micro-mechanics 
than the ray methods of geometrical optics are to problems in diffraction 
and which leads in atomic problems to the substitution of a wave equation 
for the Hamilton-Jacobi equation of macro-mechanics. The success of a 
physical theory is measured by the agreement of its predictions with experi- 
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ment, and in the succeeding lectures applications of the theory are made 
to the hydrogen atom (including the case of a nucleus of finite mass), 
the simple harmonic oscillator and the rotator. The physical interpreta- 
tion of the ¥ function proposed by the author is shown to lead to correct 
selection and polarization rules and to correct intensity ratios for the 
emitted radiation. Finally, the perturbation theory is developed and 
from it the dispersion formula is deduced. 

The serious student of the new mechanics will find a complete account 
of the subject in the Collected Papers. These comprise practically all the 
author's papers on wave mechanics, including the one in which he shows the 
equivalence of his theory with the matrix dynamics of Heisenberg, Born and 
Jordan. With one exception all of them appeared in the Annalen der Physik 
and all were published during the two years 1926 and 1927. As the author 
remarks in his preface, the results contained in the later papers were un- 
known to him when the earlier ones were written, and consequently the 
development is not as logical as it might be made if the book were re- 
written in the light of his present knowledge. Nevertheless his exposition 
of the subject will probably appear clearer to the reader than those con- 
tained in several books which have been hurriedly thrown together by 
others in the attempt to supply the demand for information on the new 
theory. 

Schrédinger’s ideas originated in those of de Broglie, who was the first 
to suggest that material particles might have the properties of a wave 
group. The Selected Papers on Wave Mechanics include several of the 
fundamental papers of de Broglie as well as papers by Brillouin on both the 
matrix dynamics of Heisenberg and Dirac and the wave dynamics of de 
Broglie and Schrédinger. The last paper in the series contains a valuable 
comparative study by Brillouin of the classical Bose-Einstein and Fermi- 
Dirac statistics. 

These three volumes taken together provide an excellent exposition of 
those theories of atomic physics which have proved most successful up to 
the present time. The translations of the last two have been carefully 
prepared, the originals having been followed as closely as English idiom 
would permit. ; 

LEIGH PAGE 
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FRAENKEL ON GRUNDLEGUNG DER MENGENLEHRE 


Zehn Vorlesungen tiber die Grundlegung der Mengenlehre. (Wissenschaft 
und Hypothese, XX XI). By Adolph Fraenkel. Leipzig and Berlin, 

B. G. Teubner, 1927. x+182 pp. 

This book embodies a series of ten lectures delivered in Kiel, June 8-12, 
1925, at the invitation of the Kant-Gesellschaft, Ortsgruppe Kiel. The 
objects to be accomplished by its publication seem to be two-fold: (1) To 
render intelligible to non-workers in the field, especially philosophers, past 
and present views on the “Foundations,” and (2) to stimulate reflection 
amongst the mathematical public concerning the foundations of mathe- 
matical thought and methods. 

With regard to (1) it seems to the reviewer that the author has been 
singularly successful. We have here in no sense a formal text, the informal 
nature of the lectures having been preserved, with desirable additions made 
as a result of the subsequent discussion, together with literary references, 
etc. And yet the treatment is not superficial. The author plunges at once 
into a discussion of the notions of “set”, equivalence of sets and cardinal 
numbers, order types, the continuum problem, the “diagonal procedure”, 
antinomies and paradoxes. Of the last are given the (Zermelo-) Russell 
Paradox, the Burali-Forti Antinomy and Richards’ Paradox. The conse- 
quences of the antinomies in mathematical thought are briefly mentioned—- 
the failure to give a definition of the “set” notion less “offensive” than the 
Cantorean, in whose looseness seems to lie the germ of such paradoxes as 
Russell’s—the suggestion that the fault be ascribed to logic, not to mathe- 
matics—the resignation of such men as Dedekind and Frege to what they 
considered the inevitable results of the antinomies. 

The remainder of the lectures is devoted to the efforts of various schools 
so to revise the guiding rules of mathematical technique that the anti- 
nomies cannot arise. An exposition is given of the views of the Brouwer 
school (Intuitionism), as well as of the modified intuitionism of Poincaré, 
and the changes in the structure of the mathematical edifice that follow an 
adoption of the intuitionist views. There are also references to the system 
of Russell and Whitehead. 

By far the greater part of the book (from page 58 on), however, is given 
over to the axiomatic foundation of the Mengenlehre begun by Zermelo. 
A pleasing feature of this part of the work is the way in which the author 
leads up to outstanding unsolved problems—certainly the mathematician 
who reads will feel the urge to apply himself to their solution, whether or not 
he actually yields to the temptation. Another pleasing feature is the oc- 
casional discussion of much debated matters, such as the “choice axiom”, 
the non-predicative procedure and the excluded third. The axioms are 
seven in number. One of these is the choice axiom. Another axiom defi- 
nitely implies the use of the logical law of the excluded third. And the non- 
predicative method seems to be indispensable for the axiomatic develop- 
ment. 
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The author’s justification of these inclusions is exceedingly interesting 
from any point of view, be it philosophical, mathematical or purely logical. 
Thus, in regard to the choice axiom, after a historical summary of its 
use, its formulation, and criticisms directed against it, the author main- 
tains “This logical principle has certainly at least a character of evidence 
and necessity equivalent to that which one attributes to many other axioms 
that one is accustomed to recognize as indispensable for the foundations of 
arithmetic, analysis and geometry; it was approved even by one so close 
to the intuitionist viewpoint as Poincaré. With equal right, then, to that 
with which one rejects the choice axiom, one could arbitrarily deny other 
important fundamental principles, and so in the future ban important parts 
of mathematics.” The placing of the choice principle in the axioms is then 
compared to the assumption of the parallel axioms by the Greeks. This 
analogy leads the reviewer to wonder if the denial of the choice principle 
might not lead to fruitful results as did the denial of the parallel axiom. A 
non-euclidean geometry proved to be a happy conception, and might there 
not possibly be some significance in a non-Zermeloan Mengenlehre which 
asserts the existence of sets that cannot be well-ordered?* On a historical 
basis, at least, one would seem justified in maintaining that the denial of 
“important fundamental principles” is not necessarily an iconoclasm. 

What would probably comprise the tenth lecture (the division of topics 
occurs in pairs of lectures) is devoted to a discussion of consistence, inde- 
pendence and categoricalness of axiomatic systems in general as well as 
of the particular system presented for the Mengenlehre. Although the 
system which Fraenkel gives does away with the existing paradoxes and 
antinomies, its consistency is an open question. From the point of view of 
him who accepts the axiomatic foundation this is a great defect—indeed, 
it can be said that if ever a consistency proof were needed, it is needed in 
this particular instance, since the very purpose of the adoption of the 
axiomatic method in this case is to avoid contradiction. 

The reviewer heartily recommends these lectures to any who wish a 
general summary of the state of the “Foundations,” as well as to those who 
wish a good introduction for mature students. The book is finished off with 
an unusually complete bibliography comprising eight pages, and this is 
amplified by up-to-date additions made during the period of proof-reading. 

R. L. WILDER 





* See Church, Alternatives to Zermelo’s assumption, Transactions of 
this Society, vol. 29 (1927), p. 178. 
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GILLAIN ON EGYPTIAN SCIENCE 


La Science Egyptienne. L’Arithmétique au Moyen Empire. By O. Gillain, 
avec une préface de H. Bosmans, S. J. Brussels, 1927. xvi+326 pp. 
This work is one of the publications of the Fondation Egyptologique 

Reine Elizabeth, and like the other works bearing the same imprint it 
represents a standard of scholarship as well of typography which commends 
it both to students and to general readers. Not the least of its merits is the 
preface written by the late and widely lamented Pére Bosmans, a scholar 
and a “gentleman of the old school,” whose knowledge of the history of 
mathematics, as also of medieval ecclesiastical literature, was the result of 
the labors of a long and useful life. 

The title of the book does not indicate very clearly the nature of the 
work, which is chiefly a treatise upon and quite largely a translation of 
the Rhind (Ahmes) Papyrus, but with a brief consideration of other manu- 
scripts in the Introduction and in Chapter IV. In one way such a work 
may be thought to be superfluous in-as-much as we have two editions of 
Eisenlohr’s translation, the much better edition of Peet, and the still 
better and more elaborate one by Dr. Chace, the second volume of which is 
just appearing. In another sense, however, it is to be welcomed, since it 
gives to French readers who may not be familiar with German or English 
a good idea of the oldest mathematical treatise of any extent that has come 
down to us. 

Since the nature of this papyrus is now so well known to American and 
British readers, both through the editions above mentioned and through 
recent reviews, it is sufficient at this time to call attention to the general 
line of treatment followed by M. Gillain. His Introduction (pp. 1-22) 
sets forth the nature of Egyptian mathematics of the period, describes the 
measures then in use, mentions the fantastic theories of the Pyramid 
measurers, and concludes with a brief history and description of the work 
of Ahmes. He also refers to the earlier fragments of a mathematical nature, 
including the Moscow manuscript made known by Turaev (Touraieff) in 
1917, and soon to be published in translation. As to the Pyramid theorists, 
M. Gillain expresses the very sane opinion, “La Grande Pyramide est sans 
contredit, admirable, mais ses constructeurs n’étaient point sorciers.” 

The work is divided into four chapters, as follows: Chapter I,—Ele- 
mentary computations, in which are explained the general methods used 
in what we call the four fundamental operations, both with integers and 
with fractions, illustrative examples being selected from the Ahmes text. 
Chapter II,—The tables of fractions, in which a comparison is made between 
the cumbersome method used by the Egyptians in, say, dividing 37 by 
1+2/3+1/2+1/7,—a problem which the Egyptian calculator might have 
had to solve,—and the simple division of 37 by the equivalent fraction 
97/42, which might conceivably be required in our day. This is followed by 
the usual tables of 2/(2n+-1) for values of n from 1 to 50, and by examples 
from the text illustrating its use. Chapter III,—Problems, in which the 














408 D. E. SMITH [May-June, 


author considers such topics as the rule of three, false position, proportion, 
progressions, and roots. Chapter IV,—The spirit of arithmetic, in which he 
briefly discusses other sources than the Rhind Papyrus and considers Egyp- 
tian calculation in general and the nature of the Egyptian mind as revealed 
by the arithmetical sources known to us. His conclusion is clear and suc- 
cinct,—“Telle que nous la connaissons, l’arithmétique égyptienne n’est ni 
plus ni moins qu’une physique des nombres, ”—it never reached the meta- 
physical stage. 

The chief merit of the work lies in the fact that the author has set forth, 
for French scholars, the general nature of Egyptian arithmetic in about the 
17th century B.C., or a little before, illustrating his points by translations. 
These translations are chiefly if not wholly from the Peet edition of the 
Rhind Papyrus. The interpretation of Ahmes and of Egyptian arithmetic 
in general, shows a considerable range of reading from such standard 
writers as Bobynin, Eisenlohr, Favaro, Griffith, Gunn, Hultsch, Loria, 
Neugebauer, Révillout, Schack-Schackenburg, and Sethe. 

As to the interpretation of the obscure passages in Ahmes, the student 
will do better to consult Dr. Chace’s monumental work, and as to a biblio- 
graphy of the subject M. Gillain’s list is not in the same class as the 
remarkable one by Professor Archibald which is published in volume I of 
the same treatise. 

One thing that frequently strikes the reader of scientific works in French, 
rather more than in other languages, is the carelessness shown in proof- 
reading. Possibly the trouble is primarily due to French chirography, 
which renders it difficult for compositors to distinguish between certain 
letters; possibly the French scholar sacrifices niceness of typographical 
detail to niceness of expression; and possibly the habit of author proof- 
reading, which did not characterize the early products of the press has 
not been as fully established in the Gallic regions as in those under Teutonic 
or British intellectual influence. Whatever may be the cause, the work of 
M. Gillain suffers, like so many other works in the same language, from 
this defect. Thus we have such spelling as Karpinsky for Karpinski, 
Piazzi Smith for Piazzi Smyth, Schackenbourg as well as Schackenburg, 
Brunschwigg for Brunschvicg, together with Sepher ha-mmispar and 
Gottingsche, to select only a few examples. These are mentioned not 
primarily as criticisms of M. Gillain’s work, but rather as a problem in race 
psychology which is here illustrated. As already stated, the work itself 
has distinct merit and will be very helpful to French and Belgian students. 


Davip EUGENE SMITH 
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Modern Researches on the Singularities of Functions Defined by Taylor's 
Series. By S. Mandelbrojt. Edited by E. R. C. Miles. The Rice In- 
stitute Pamphlet, Volume XIV, No. 4, pp. 225-352. 

The material collected in this pamphlet is a result of a series of lectures 
delivered by the author at the Rice Institute during the academic year 
1926-27. The purpose and scope are best described by a short paragraph 
taken from a foot-note on the first page of the book: 

“The present type of research, which began with the famous thesis of 
Hadamard, has broadened considerably during the past few years. Com- 
plete proofs of all the theorems cannot be compressed in the space available 
in a short treatise, so the author treats only of such theorems as seem to 
give unity to the theory, and of the latter theorems proofs are given, for 
the greater part, in detail. The reader will find a large bibliography, as well 
as an enumeration of nearly all the results on the singularities of Taylor’s 
series in Hadamard and Mandelbrojt: La Série de Taylor et son Prolonge- 
ment Analytique, Scientia, No. 41, also in the author’s volume of the 
Mémorial des Sciences Mathématiques. The present treatise may be re- 
garded as complementary to, as well as an elaboration of, some parts of 
the works just mentioned.” 

The first four chapters deal with that part of the theory which has now 
become classical, treating such material as the theorems of Hadamard and 
Hurwitz on the composition of singularities and a necessary and sufficient 
condition that a function should be meromorphic on its circle of conver- 
gence. In Chapters V and VI the author launches into the more recent 
developments of the theory, proving first an interesting theorem of his 
own regarding power series which have on their circle of convergence at 
least one singularity not a pole, and then giving various generalizations and 
applications. Chapter VI again returns to classical theory, presenting the 
theory of order of singularities. In criticism of this chapter we call atten- 
tion to the fact that although the first section defines and discusses frac- 
tional differentiation and integration, no mention is made of its connection 
with the Hadamard operator defined in the second section. A reader meet- 
ing the subject for the first time (and it is believed that the book will in 
general be valuable for such readers) may naturally inquire why fractional 
differentiation is introduced at all. It is not until the close of the chapter, 
twenty pages farther along that one reads the statement, without proof, 
that if one of these operators yields a continuous function of finite deviation 
so too does the other. Chapters VIII and IX deal with the fundamental 
theorems of Faber and Fatou and with the author’s generalizations of the 
latter. Chapters X and XI center around Dr. Mandelbrojt’s contributions 
to the theory and related theorems. The final chapter deals with series 
having the circle of convergence as a cut, following the method introduced 
by Hadamard and amplified by Fabry, Leau and others. 
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The reviewer believes that the book will be a welcome addition to the 
treatises on the subject. Mr. Miles and those responsbile for the Pamphlet 
are to be congratulated upon the careful way in which the lectures are 
edited. Misprints are rare, and the general high character of the Pamphlet, 
established in earlier numbers dealing with mathematical subjects, is 
maintained. The consistency with which references are given to unproved 
theorems and to the proofs of facts employed in the demonstrations is 
highly commendable. If this principle were followed more generally, mathe- 
matical literature would be more readable. 

D. V. WIDDER 


Theory of Probability. By William Burnside. Cambridge University Press, 

1928. 106-+xxx pp. Short table of Error-Integral. 

This Theory of Probability was edited for the press by A. R. Forsyth 
from a manuscript which Burnside practically completed before his death. 
In barely a hundred pages, it treats a great variety of topics in a decidedly 
unique and interesting manner. It is not a book on statistics. Burnside’s 
interest is in probability itself. First, he develops in somewhat extended 
form relations between probabilities of a general nature associated with n 
conditions, some of which are to be satisfied and some not—connecting 
his primal idea of equal likelihood with these conditions. Then he proceeds 
to the discussion of typical problems, mainly algebraic in their origin. 
Analysis is freely used—of course, it is indispensible—but the reader gets 
the impression that Burnside tries to view a problem first in an algebraic 
setting. Thus the difference equation is more in evidence than the differ- 
ential equation. This is a distinctive feature. It makes the book of special 
value to readers who have cultivated mainly the analytic side. 

The book is fairly well organized, in spite of the fact that Burnside may 
not have considered it in its final form. A greater unification of topics 
involving the Gaussian law would have been desirable,—this law appears 
on pages 42, 44, 52, 73, 88. On page 73, the validity of this law as the best 
approximation is not so clear, as the elementary probability designated 
by x is made very small—this leading naturally to the Poisson Exponential, 
obtained on page 45. Burnside is not satisfied with the usual statement of 
the assumption of equal likelihood. He insists upon “assuming each two of 
the results equally likely,” instead of “assuming all the m results to be 
equally likely,” see page 101. Burnside’s phrasing appears a little more 
specific—although it seems difficult to conceive how all can be equally likely 
if some two of the results are not equally likely. In Chapter VII, which 
deals with the theory of errors, assumptions are given which lead respec- 
tively to the arithmetic mean, the median, and the average of the least and 
the greatest measurement. The arithmetic mean is found acceptable “as 
any other assumption would imply that either an excess of positive errors or 
an excess of negative errors has occurred.” If here by “positive errors” the 
number of positive errors is meant, the median would be indicated rather 
than the arithmetic mean. The argument in Chapter VI follows conven- 
tional lines, including an artificial assumption regarding the a priori 
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probability at the top of page 85, made so as not to violate the first equation 
on page 84. Not many disturbing typographical errors were found—but 
the radicals at the foot of page 89 and at the top of page 90 should be in the 
denominators, and on page 91, the coefficient of the square of X should be 
inverted. On page 64 in the last line, s/2 should be replaced by (s/2) —1, 
and (s/2)—1 by (s/2)—2. Here and at the foot of page 98 mention might 
have been made of Pearson’s Tables of the Incomplete Gamma Function for 
computational completion of the problems. At the foot of page 35 it is as- 
sumed that p does not equal 1/2. 

To epitomize the content of Burnside’s book is somewhat difficult. The 
last chapters deal with the probability of causes (with interesting exempli- 
fication of Bayes’s Theorem), geometrical probability, and the theory of 
errors. As early as page 22, problems on “runs” appear, and these under the 
title “duration of play” constitute the principal part of Chapter III, and 
are again taken up on page 72. These problems are more fundamental than 
they at first seem. They are especially fascinating in a book so full of good 
material, 

E. L. Dopp 


Drei Abhandlungen iiber die Auflésung der Gleichungen von Leonhard Euler 
(1738, 1764, 1790). Translated by Samson Breuer. 94 pp. Leipzig, 
Akademische Verlagsgesellschaft, 1928. Ostwald’s Klassiker, Nr. 226. 
Students interested in the history of the theory of equations will find 

here, reproduced in translation from the Latin into German, three treatises 
by one of the greatest mathematicians of the eighteenth century, who still 
held to the belief that the algebraic solution of the general quintic equation 
and equations of still higher degrees was possible. Knowing the extra- 
ordinary dexterity of Euler in analytical processes, we are impressed by his 
statement that though his article did not contain a complete solution, it 
indicated the form which a root must take, and perhaps it would be “of 
greater service to others and lead them finally to the desired goal.” Euler 
continues: “Since an equation of any degree comprehends all equations of 
lower degree, the solution of an equation of any degree must involve all the 
processes for equations of lower degree.” Euler assumed as given by induc- 
tion that the resolvent of the general quintic is a quartic. In the second 
treatise Euler remarks that if p, g, r, s are the roots of the quartic resolvent, 
then the general form of a root of a quintic equation would seem to be 
x=f+ V/p+ Vat 4/r+4/s, but he remarks that this form is not sufficiently 
sharp as it would seem to lead to more than five roots of the quintic. Euler 
assumes next x=f+A 8/ p+ BY P+CWY P+ D/P, and is led to solvable 
equations, including those previously solved by De Moivre. In the third 
article, written in 1776 and printed in 1790, Euler assumed the coefficients 
to depend upon two or more parameters and then derived numberless forms 
of equations of all degrees, which are solvable by algebra. Breuer, the trans- 
lator of these articles, has supplied much bibliographical detail and many 
notes aimed to assist the reader. 

FLorIAN Cajori 
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The Logic of Modern Physics. By P. W. Bridgman. New York, Macmillan, 

1927. 14+228 pp. 

The author begins by calling attention to the fact that the accepted 
classical concepts in physics were found inadequate to explain the experi- 
mental facts obtained in testing Einstein’s deductions from his relativity 
theory. He points out the necessity of studying our concepts to prevent a 
similar failure in the future. By concept he means a set of operations. A 
lengthy study of the operations involved in measuring distances follows and 
the concept of an astronomical and an atomic distance is arrived at in 
terms not only of actual operations but also in terms of hypotheses in- 
volved. Following this mode of thought, concepts of space, time, identity, 
velocity, force, mass, energy, electricity, etc. are discussed in detail. In 
connection with light, the author concludes that “from the point of view of 
operations, it is meaningless or trivial to ascribe physical reality to light in 
intermediate space, and light as a thing travelling must be recognized to be 
a pure invention.” It must follow that finite velocity of light does not exist 
and likewise Einstein’s definition of simultaneity. This necessarily results 
from a conception that a reality can be only when a phenomenon exists. 
Difficulties arise which appear as great as those which phenomenalism tries 
to remove. Finally, the last chapter is devoted to a study of Special Views 
of Nature in which he is led to accept the postulate that physical laws are 
formally simple. 

The book is an earnest attempt at formulation of concepts in physics 
based on operations with due regard for the hypotheses that may be in- 
volved. It should be found welcome to mathematicians and philosophers as 
well as experimental physicists. 

A. F. Kovarik 


Quellenhefte zur Elementarmathematik: Band I, Elementargeometrie, Heft 1: 

Der Stoff bis zur Untersekunda. By Kuno Fladt. Leipzig and Berlin, 

B. G. Teubner, 1928. vi+73 pp. 

This is a source book on the history of geometry in which are repro- 
duced selections from such parts of historic sources as have retained their 
place in elementary instruction down to the present time. No obsolete 
material is included. The booklet isa companion to another publication by 
the same author, written as a geometric text for pupils about fourteen years 
of age, in the Untersekunda. After a brief historical introduction there are 
given, in the source book, extracts, in German translation and in modern 
symbols, of such authors as Euclid, Archimedes, Proclus, Heron and some 
more modern writers, all accompanied with suitable historic notes. An 
attractive feature among the illustrations is the part of Raphael’s School of 
Athens which shows the geometrical and astronomical group, and also the 
reproduction of a recently described mosaic, said to have been taken from 
the ruins of Herculaneum, and showing the death of Archimedes. The 
booklet represents an effort to utilize in elementary instruction the interest 
attached to the history of mathematics. 

FLORIAN CajorI 
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Einfiihrung in die Theoretische Physick. By Max Planck. 1. Einfiihrung 
in die Allgemeine Mechanik. 4th ed. viii+226 pp., 43 figures. R.M. 
6—; bound, R.M. 8—. 2. Einfiihrung in die Theorie der Elektrizitét und 
des Magnetismus. 2d ed. viii+210 pp., 13 figures. R.M. 6—; bound, 
R.M. 8—. Leipzig, Hirzel, 1928. 

These two volumes form the fourth and second editions respectively of 
two of the component parts of a work designed, when completed, to offer an 
introduction to the whole field of classical theoretical physics. The author’s 
object is apparently to provide a series of texts which can be used with 
profit by the independent reader as well as by the university student. It 
would seem that in these two books the aim is well achieved. 

The volume on mechanics is developed mainly from the standpoint of 
the author’s pedagogical thesis that students beginning theoretical physics 
usually have less trouble with the mathematical discussion than with the 
physical interpretation. In line with this view the subject is not presented 
as a complete logical structure but the development is from the very simple 
to the more complicated. Elegant proofs of theorems give way to inter- 
pretative methods even at the expense of space. In formal construction the 
work is divided into the usual parts, viz. mechanics of a particle and 
mechanics of a system of particles. The treatment in the former case is not 
particularly noteworthy save that the author takes the concept of force as 
fundamental, ignoring the usual difficulties confronting the beginner in 
this connection. An interesting feature of the second part is the treatment 
of the Hamilton-Jacobi equation and its integration, so important in modern 
atomic theory. 

The author has followed a somewhat different method in the volume on 
electricity and magnetism. There the treatment is severely logically de- 
ductive in nature rather than experimentally inductive. This is deliberately 
chosen to preserve unity of presentation and to emphasize the few funda- 
mental concepts instead of the many diverse applications. The classical 
theory of Maxwell is followed with principal emphasis on the concepts of 
energy density and energy flow. Indeed the electric and magnetic fields 
are defined in terms of the former and the field equations are deduced by 
the application of the laws of Joule and Poynting and the conservation of 
energy. Electrostatics and magnetostatics are treated as special cases of 
the more general field relations (that is, no change with the time). Electric 
currents are treated as illustrations of “stationary” fields, viz. fields in 
which the electric and magnetic intensities do not change with the time but 
in which there is a continual change of electrical energy into heat. The 
“non-stationary” phenomena which form the general case of electrody- 
namics are treated in the last 60 pages of the book. Here the development 
follows classical lines very closely, and there is practically no mention of the 
electron theory. The difficulties of the original Maxwell-Hertz theory 
applied to moving media are merely mentioned and but a page or two de- 
voted to Lorentz’s solution. 

The style is clear and the type is good. No serious errors have been 
detected. In both volumes the figures are rather poorly drawn. 

R. B. Linpsay 
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Einfiihrung in die Axiomatik der Algebra. By H. Beck. Berlin, Walter 
de Gruyter, 1926. 194 pp. 


This book is a presentation from the view point of formal logic, of the 
fundamental operations and theorems of algebra. Chapter one discusses the 
usual axioms of algebra and the immediately resulting theorems. Articles 
ten and eleven of this chapter deal in particular with natural numbers. The 
next four chapters define the usual algebraic operations for point sets, 
vectors and matrices, and discuss the validity of the axioms of Chapter one 
in the fields of these elements. I. should not be surprising that these axioms 
do not all hold. For, although two axioms may be alike in form, they are 
different axioms if they deal with different elements, unless of course they 
only state relations between properties common to both sets of elements. 
For example the statement, p. 19, that A2 failing and J, holding for point- 
sets implies the independence of these axioms, has no significance. This 
merely shows that the point-set analogs of Az and J, are inconsistent. 
Notwithstanding this criticism, the reviewer considers these chapters a 
worthwhile parallelling of these various algebras. 

Chapters six to ten inclusive treat in a brief and attractive way the 
theory of linear equations, linear vector forms, linear and quadratic forms, 
and matrices and determinants. Chapter eleven gives a brief axiomatic 
introduction to the theory of finite groups. The last chapter discusses the 
genetic structure of algebra upon the basis of Peano’s five axioms. The 
treatment is condensed, well organized and very readable. 

GLENN JAMES 


Beyond the Electron. By Sir J. J. Thomson. Cambridge University Press, 

1928. 43 pp. 

The contents of this highly interesting booklet is a lecture given at 
Girton College and includes mathematical appendices bearing on points 
involved. The incentive was obtained from the experiments of the author’s 
son, Professor G. P. Thomson, showing that a moving electron is always ac- 
companied by a series of waves; a result also obtained from the experi- 
ments of Davisson and Germer. Because of these experiments the old idea 
that an electron is merely a charged particle must be given up. In his 
characteristically lucid manner, Sir Joseph goes step by step in forming 
pictures of two physical things: the transmission of energy and the pro- 
pagation of waves and presents ultimately a view of the electron with a 
dual structure, “one part of this structure, that where the energy is located, 
being built up of a number of lines of electric force, while the other part is a 
train of waves in resonance with the electron and which determine the path 
along which it travels.” 

In view of the attempts of physicists to reconcile phenomena explainable 
in some cases by the undulatory theory and in other cases by the corpuscu- 
lar conceptions of the physical éntities: light, X-rays, electrons, etc., the 
booklet should prove of great interest to mathematicians and physicists 
alike. 

A. F. Kovarik 
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Aufgabensammlung zur Funktionentheorie. By Konrad Knopp. Volume II: 
Aufgaben zur héheren Funktionentheorie. Sammlung Géschen, No. 878. 
Berlin and Leipzig, Walter de Gruyter, 1928. 143 pp. 


This little book is the continuation of Volume I (Aufgaben zur elemen- 
* taren Funktionentheorie, No. 877) which appeared under the same title 
in 1923. Like all other books published by Dr. Knopp, large as well as 
small ones, the present volume is a new contribution, small, but significant, 
to the widely known reputation of its author as an excellent scholar and 
talented teacher. The difficult task of selecting from the immense material 
of the modern theory of functions the problems just within the reach of a 
beginner is here masterfully accomplished. A student who will go faithfully 
through 183 problems of Vol. I and 187 problems of Vol. II will almost 
imperceptibly find himself in possession of a technique which is absolutely 
necessary for starting an advanced study; at the same time, he will acquire 
general information as to the present situation of the subject. He will find 
problems (of different grades of difficulty) on power- and Laurent-series, 
on singular points of analytic functions and calculus of residues, on factor- 
ization and partial fraction expansion of entire and meromorphic functions, 
on simple and double periodic functions, on analytic continuation and 
behavior of power series on their circles of convergence, on Riemann 
surfaces and conformal transformations. The solutions which follow the 
* problems are condensed enough to be valuable even to students who use 
them. It is the reviewer’s opinion that the two volumes of the Aufgaben- 
sammlung together with the two volumes of Knopp’s Funktionentheorie 
(Sammlung Géschen, Nos. 668, 703) can be successfully used in this country 
in teaching the first course of the theory of functions of a complex variable. 


J. D. TAMARKIN 


L’Evolution des Idées Géométriques dans la Pensée Grecque: Point, Ligne, 
Surface. By Federigo Enriques. Translated by Maurice Solovine. Paris, 
Gauthier-Villars, 1927. 


This short treatise contains in outline the history of ancient geometry 
as a basis for an exposition of the philosophy of .Greek geometry and the 
relation of ancient to modern thought. The merit of this tract lies in the 
exhibition of the philosophic movement. The historic part reveals certain 
omissions which would have necessitated the re-phrasing of some parts of 
the discussion relating to the evolution of the logic of geometry. Thus, in 
outlining Egyptian geometry, the author fails to point to the fact which has 
become evident in recent years that early Egyptian writers had advanced 
further than was formerly supposed and had reached results which as far 
as Greek testimony indicates, were not transmitted to ancient Greece. 
Thus the Greeks did not know of the remarkable approximation to the area 
of the circle, contained in the Rhind papyrus. More striking yet, is the 
content of another Egyptian papyrus (the Moscow papyrus) presumably of 
equal antiquity, which, like a flash of lightning in the darkness, momentarily 
illumines the obscure past. It contains the correct computation of the 
volume of the frustrum of a square pyramid. Had Enriques had in mind 
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this startling achievement, his discussion of the origin of the theorem relat- 
ing to the volume of a pyramid would have been somewhat different. His 
discussion of the critique of Pythagorean concepts of points due to Par- 
menides and Zeno of Elea is excellent, as is also his account of the develop- 
ment of the infinitesimal analysis of Democritus and Archimedes, and his 
comparison of it with modern views. There is another historical point to 
which it may be worth while to direct attention. Bertrand Russell and A. N. 
Whitehead refer to Weierstrass as the first to banish the fixed infinitesimal 
from the differential and integral calculus. Enriques mentions Weier- 
strass, but also Cauchy and Dini. We wish to remind the reader of the 
historical fact that the fixed infinitesimal was banished, in the works of 
Benjamin Robins in 1735, of Colin Maclaurin in 1742, and of Simon 
Lhuilier in 1786, though, of course, these men had not reached the arith- 
metization of the theory of limits of the time of Weierstrass. 


FLoriANn Cajori 


Invariants of Quadratic Differential Forms. By O. Veblen. (Cambridge 
Tracts in Mathematics and Mathematical Physics, No. 24.) Cambridge 
University Press, 1927. viii+102 pp. 

This book has been prepared to replace Tract No. 9 of the same series, 
Invariants of Quadratic Differential Forms, by J. E. Wright, which has been 
out of print for a number of years. 

As pointed out in the preface, the presentation is formal in character as 
the space would permit of only the simplest applications. In Chapter I 
certain preliminaries are taken up such as the notation, the Kronecker 
deltas and then application to theorems on determinants. Chapter II is 
entitled Differential Invariants. Here the author considers such concepts as 
n-dimensional space, coordinate system, invariant, tensor, in a manner which 
commends the highest praise. Nowhere else have I seen these ideas so 
carefully presented. Chapter III considers quadratic differential forms 
and the theory of covariant differentiation and the curvature tensor. 
Chapter IV is devoted to euclidean geometry. The development is carried 
through largely for an n-dimensional space and in terms of a coordinate 
system not assumed to be Cartesian. In this fashion the expressions for a 
number of the metrical invariants of Riemannian geometry are introduced. 
Chapter V is given to a study of the problem of Christoffel concerning the 
equivalence of two quadratic differential forms. Chapter VI deals prin- 
cipally with the geometry of paths through the powerful method of “nor- 
mal coordinates.” A short historical section appears at the end of each 
chapter which serves to point out the chief sources of material. 

In the opinion of the reviewer this book is exceedingly well done. The 
careful formulation of the underlying concepts and the meticulous phrasing 
of the definitions make this little book an invaluable one to a beginner in 
the subject, and for the same reason, it seems to me it must afford the 
adept a high degree of aesthetic enjoyment. 

J. H. TAyLor 
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At a meeting held in New York City on December 27, 1928, a new 
scientific society, the Acoustical Society of America, was formed to bring 
together workers in all branches of pure and applied acoustics. Dr. Harvey 
Fletcher, of the Bell Telephone Laboratories, was elected president. 


The Vienna Academy of Sciences has awarded its Lieben prize, for the 
best mathematical work by an Austrian during the preceding three years, 
to Professor Karl Menger, for his memoirs on the theory of dimensions. 


The Accademia Pontificia dei Nuovi Lincei has announced that it will 
award a prize of 10,000 lire for an unpublished critical work on the theory 
of quanta. Competing manuscripts, which may be in English, French, 
German, Spanish, Italian, or Latin, should reach the Academy by October 
30, 1929. Competition is open to all except members of the Academy. 


The Royal Academy of Naples has awarded its biennial prize to Pro- 
fessor Enea Bortolotti, for his memoir entitled Geometria degli spazi 
riemanniant. 


The gold medal of the Royal Astronomical Society has been awarded to 
Professor Ejnar Hertzsprung, of the Leyden Observatory, for his work in 
stellar astronomy. 


The Royal Society of Edinburgh has awarded its Gunning Victoria 
Jubilee prize for the period of 1924-28 to Professor E. T. Whittaker, for 
his contributions to mathematical science and the promotion of mathe- 
matical! research in Scotland. 


Professors A. A. Michelson, of the University of Chicago, and R. A. 
Millikan, of the California Institute of Technology, were awarded gold 
medals by the Society of Arts and Sciences at a meeting in New York City, 
February 22, 1929. 


The American Institute of Electrical Engineers has made the following 
awards: the Edison gold medal for achievement in electrical science to 
Dr. F. B. Jewett, for his pioneer research and development work in connec- 
tion with the theory and practice of voice transmission; the Lamme medal 
to Mr. Allan Bertram Field “for the mathematical and experimental in- 
vestigation of eddy current losses in large slot-wound conductors in elec- 
trical machinery.” 


Professor Aurel Stodola, of the Zurich Technical School, has been 
elected correspondent of the Paris Academy of Sciences in the section of 
mechanics. 


Professors Oskar Perron and Heinrich Tietze, of the University of 
Munich, have received the title of Geheimer Regierungsrat. 














418 NOTES [May-June, 


Professor F. Hausdorff, of the University of Bonn, has been elected a 
member of the Moscow Mathematical Society. 


The Council of the Royal Society of London has recommended for 
election as fellow Professor G. R. Goldsbrough, of Armstrong College, 
Newcastle-on-Tyne. 


Mr. William Bowie, of the United States Coast and Geodetic Survey, 
has been elected correspondent of the Paris Academy of Sciences in the 
section of geography and navigation. 


Dr. W. J. Humphreys, of the United States Weather Bureau, has been 
elected a corresponding member of the Meteorological Society of Hungary. 


The University of Oxford has conferred the degree of doctor of science 
on Professor Oswald Veblen, of Princeton University. 


Associate Professor Leopold Vietoris, of the University of Innsbruck, 
has been appointed professor of mathematics at the Vienna Technical - 
School. 


Professor Léon Brioullin, of the Collége de France, has been appointed 
to the newly established professorship of physical theories at the Sorbonne. 


Dr. Maurice Fréchet, maitre de conférences at the Sorbonne, has been 
appointed “professeur sans chair” by the Faculty of Sciences of the Uni- 
versity of Paris. 


Dr. Edwin Feyer, of the Breslau Technical School, has been promoted to 
an associate professorship. 


Associate Professor R. Furch, of the University of Rostock, has been 
promoted to a professorship. 


Dr. Ferenz Jiittner has been appointed to an associate professorship 
of theoretical physics at the University of Freiburg i. Br. 


Associate Professor Wolfgang Krull, of the University of Freiburg i. 
Br., has been appointed professor of mathematics at the University of 
Erlangen. 


Dr. Karl Loewner, of the University of Berlin, has been appointed an 
associate professor of mathematics at the University of Cologne. 


Dr. B. L. van der Waerden, of the University of Gottingen, has been 
appointed professor of mathematics at the University of Groningen. 


Professor Enea Bortolotti has been appointed professor of analytic 
projective geometry at the University of Cagliari. 


Professor Luighi Brusotti, of the University of Cagliari, has been 
transferred to the professorship of analytic geometry at the University, of 
Pisa. 
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Professor G. Juvet, of the University of Neuchatel, has been appointed 
professor at the University of Lausanne, as successor to Professor L. 
Maillard, retired. 


Professor R. Nevanlinna, of the University of Helsingfors, lectured at 
the Zurich Technical School during the year 1928-29, in place of Professor 
Hermann Wey], on leave of absence in the United States. 


The following have been admitted as docents: Dr. F. Lébell, at the 
Stuttgart Technical School; Dr. Robert Remak, at the University of Berlin. 


The following graduate courses in mathematics are announced for the 
summer of 1929. 


UNIVERSITY OF CALIFORNIA, BERKELEY, intersession, May 20—June 
29.—By Professor T. M. Putnam: Theory of algebraic equations and of 
infinite series, Geometric introduction to the theory of functions.— 
By Professor D. N. Lehmer: Metric differential geometry. Summer 
session, July 1-August 10: Professor B. A. Bernstein: Elementary algebra 
for advanced students.—Professor E. R. Hedrick: Analytic geometry of 
space, Functions of a complex variable—Professor James Pierpont: 
Non-euclidean geometry.—Professor Hermann Weyl: Representations of 
groups, applications and representations of groups to quantum physics. 


UNIVERSITY OF CALIFORNIA AT Los ANGELES, July 1—August 10.— 
Professor Harriet E. Glazier: Foundations of arithmetic.—Professor M. W. 
Haskell: Advanced geometry, Geometric introduction to the theory of 
functions.—Professor Sophia H. Levy: The Teaching of mathematics. 


UNIVERSITY OF CHICAGO, first term, June 17—July 24; second term, 
July 25—August 30.—By Professor H. E. Slaught: Differential equations, 
Elliptic integrals—By Professor A. C. Lunn: Relativity, Lattices and 
crystal groups.—By Professor A. B. Coble (Illinois): Analytic projective 
geometry, Algebraic geometry.—By Professor L. M. Graves: Introduction 
to analysis, Functions of lines——By Professor R. W. Barnard: Theory of 
equations, Metric differential geometry—By Professor W. Bartky: 
Theoretical mechanics, Modern theories of analytic differential equations. 
—By Professor C. C. MacDuffee (Ohio State): Theory of numbers, Theory 
of algebraic numbers, Linear algebras.—By Professor H. S. Everett: 
Advanced calculus. 


UNIVERSITY OF COLORADO, first term, June 18 to July 21; second term, 
July 23 to August 24.—By Professor Light: Teacher’s course in mathe- 
matics; History of mathematics; Partial differential equations——By 
Professor Kempner: Algebraic analysis; Projective geometry; Differential 
equations. Second term.—By Professor Light: Statistics; Teacher’s 
course (repeated); Partial differential equations (continued). —By 
Professor Kempner: Projective geometry (continued); Differential equa- 
tions (continued).—By Professor Kendall: Theory of equations. 


CoLumBIA UNIversity, July 8 to August 16.—By Professor G. D. 
Birkhoff: Mathematical elements of art; Introduction to relativity.— 
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By Professor W. B. Fite: Differential equations—By Professor J. F. 
Ritt: Theory of numbers.—By Professor B. O. Koopman: Functions of a 
real variable. 


CorRNELL UNIveRsiTy, July 6 to August 16.—By Professor Virgil 
Snyder: Teachers’ course; Projective geometry.—By Professor F. R. 
Sharpe: Advanced analytic geometry.—By Professor W. A. Hurwitz: 
Advanced calculus——By Professor W. B. Carver: Theory of numbers. 
—By Professor C. F. Craig: Elementary differential equations. Reading 
and research will be directed by Professors J. I. Hutchinson, Snyder, 
Sharpe, Hurwitz, Carver, D. C. Gillespie, Craig, and C. F. Roos. 


UnNIvERSITY OF ILLINOIS, June 17 to August 10.—By Professor G. A. 
Miller: The theory of numbers.—By Professor R. D. Carmichael: Partial 
differential equations——By Professor E. B. Lytle: Teachers’ course; 
Theory of equations and determinants.—By Professor H. Levy: Geometric 
transformations.—By Dr. V. A. Hoersch: Advanced calculus——By Dr. 
F.C. Ogg: Projective geometry. 


UNIVERSITY OF INDIANA, June 13 to August 9.—By Professor S. C. 
Davisson: Theory of functions of a complex variable; Differential equations; 
Theory of equations.—By Professor D. A. Rothrock: Partial differential 
equations; Advanced calculus.—By Professor H. E. Wolfe: College geom- 
etry; Analytic mechanics.—By Professor C. B. Hennel: General mathe- 
matics; Analytic geometry. 


UNIVERSITY OF Iowa, first term, June 8 to July 19.—By Dr. M. A. 
Nordgaard: Subject matter and teaching of mathematics—By Dr. 
Conkwright: Ordinary differential equations; Theory of numbers.—By 
Professor Wylie: Celestial mechanics; Mathematics of finance; Descriptive 
astronomy.—By Professor Ward: Modern geometry.—By Professor 
Chittenden: Advanced calculus; Orthogonal functions——By Professor 
Rietz; Actuarial theory and practice; Statistics. Second term, July 22 to 
August 23.—By Mr. McCoy: Matrices and determinants.—By Dr. 
Nordgaurd: The history of mathematics——By Professor Ward: Modern 
geometry; Differential equations.—By Professor Reilly: Algebra for high 
school teachers; Linear difference equations. 


Jouns Hoprrins University, July 1 to August 9—By Dr. John 
Williamson: Theory of functions of a complex variable. 


UNIVERSITY OF Kansas, first term, June 12 to July 20.—By Professor 
C. H. Ashton: Advanced calculus; seminar.—By Professor U. G. Mitchell: 
Projective geometry I; Teachers’ course in mathematics; seminar. Second 
term, July 22 to August 17.—By Professor Mitchell: Projective geometry 
II; History of mathematics; seminar. 


University oF MICHIGAN, June 24 to August 16.—By Professor J. W. 
Bradshaw: Higher algebra; Projective geometry.—By Professor P. Field: 
Vector analysis; Applied mathematics, engineering problems.—By Pro- 
fessor W. B. Ford: Advanced calculus; Infinite series with special reference 
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to Fourier series.—By Professor T. H. Hildebrandt: Theory of functions of 
a real variable; Partial differential equations.—By Professor L. C. Kar- 
pinski: Teaching of geometry; History of mathematics——By Professor 
T. R. Running: Empirical formulas.—By Professor H. C. Carver: Ad- 
vanced mathematical theory of statistics——By Professor L. A. Hopkins: 
Analytic mechanics; Celestial mechanics——By Professor N. H. Anning: 
Differential equations.—By Professor C. J. Coe: Integral equations.—By 
Professor J. A. Nyswander: Theory of probability; Finite differences.— 
By Professor R. L. Wilder: Foundations of mathematics.—By Mr. N. C. 
Fisk: Graphical methods.—By Mr. D. K. Kazarinoff: Aerodynamics. 


UNIVERSITY OF MINNESOTA, first term, June 18 to July 27.—By Pro- 
fessor Dunham Jackson: History of ancient and modern mathematics.— 
By Professor Elizabeth Carlson: Differential equations.—By Professorial 
Lecturer J. V. Uspensky: Theory of numbers.—By Professor Jackson: 
Fourier, Legendre and Bessel series By Professors Raymond Brink, 
Dunham Jackson, and Professorial Lecturer J. V. Uspensky: Reading in 
advanced mathematics. Second term, July 29 to August 31.—By Profes- 
sorial Lecturer J. V. Uspensky: Recent developments in the mathematical 
theory of probability—By Professor A. L. Underhill and Professorial 
Lecturer J. V. Uspensky: Reading in advanced mathematics. 


Onto StaTE UNIveErsity, June 18 to August 30.—By Professor S. E. 
Rasor: The teaching of mathematics; Theory of functions of a complex 
variable; Advanced calculus.—By Professor A. D. Michal: Continuous 
groups; Tensor analysis.—By Professor Grace Bareis: Projective geometry. 


UNIVERSITY OF PENNSYLVANIA, July 1 to August 10.—By Professor 
H. H. Mitchell: Galois theory of equations.—By Professor J. R. Kline: 
Functions of a complex variable-——By Professor F. D. Murnaghan, of 
Johns Hopkins University: Inversive geometry; Linear differential equa- 
tions.—By Professor J. M. Thomas: Integral invariants. 


UNIVERSITY OF PITTsBURGH.—By Professor K. D. Swartzel: Functions 
of a complex variable; Teaching of mathematics.—By Professor F. A. 
Foraker: Modern synthetic geometry; Solid analytic geometry.—By 
Associate Professor Taylor: Advanced calculus; Functions of a real variable. 
—By Assistant Professor Culver: Theory of equations. 


STANFORD UNIvERsitTy, June 20 to August 31.—By Professor W. A. 
Manning: Group theory; Theory of functions.—By Professor G. T. Why- 
burn (Texas): Point-set theory. 


UnIvERsITY OF TEXAS, first term, June 4 to July 15.—By Professor 
R. L. Moore: Functions of real variables; Foundations of geometry.—By 
Professor E. L. Dodd: Probability; Analytic functions.—By Professor H. J. 
Ettlinger: Differential equations; Ruler and compass constructions.—By 
Professor H. S. Vandiver: Number theory; Advanced calculus.—By Pro- 
fessor A. E. Cooper: Advanced calculus; Theory of equations.—By Professor 
P. M. Batchelder: Teaching problems in mathematics. Second term, 
July 15 to August 26.—By Professor R. L. Moore: Functions of real vari- 
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ables (continued); Non-euclidean geometry.—By Professor H. J. Ettlinger: 
Partial differential equations; Definite integrals—By Professor E. G. 
Keller: Advanced calculus. 


UNIVERSITY OF WISCONSIN, July 1 to August 9.—By Professor R. W. 
Babcock: Vector analysis—By Professor H. W. March: Differential equa- 
tions; Definite integrals——By Professor E. B. Skinner: Differential geom- 
etry; Finite groups; Infinite series. Special nine weeks session for 
graduates, July 1 to August 30.—By Professor M. H. Ingraham: Higher 
algebra; Theory of approximations.—By Professor Warren Weaver: Theory 
of relativity; Advanced electrodynamics; Complex variable theory. (Only 
one of the two last named courses will be given, the choice depending upon 
the demand.)—By Professor J.H. Van Vleck of the Department of Physics: 
Introduction to atomic theory and line spectra; Dielectric and magnetic 
media; Quantum mechanics and chemistry. (Only one of the two last 
named courses will be given, the choice depending upon the demand.) 


The following forty-nine doctorates with mathematics or mathematical 
physics as major subject were conferred during 1928; the university, 
month in which the degree was conferred, minor subject (other than 
mathematics), and title of dissertation are given in each case if available. 


A. A. Albert, Chicago, August, Algebras and their radicals and division 
algebras. 


H. E. Arnold, Yale, June, The rational space quintic curve of the second 
species and its relation to the rational plane quartic curve. 


May M. Beenken, Chicago, June, Surfaces in five-dimensional space. 


T. C. Benton, Pennsylvania, June, On continuous curves which are 
homogeneous except for a finite number of points. 


A. H. Blue, Iowa, July, On the structure of sets of points of classes one, 
two, and three. 


G. B. Briggs, Princeton, June, On types of knotted curves. 


P’ei Yuan Chou, California Institute of Technology, June, theoretical 
physics, The gravitational field of a body with rotational symmetry in Einstein's 
theory of gravitation. 


L. W. Cohen, Michigan, June, On subsets of separable metric space 
homeomor phic with subsets of the linear continuum. 


H. A. Davis, Cornell, June, physics, Involutorial transformations belonging 
to a linear complex. 


H. A. DoBell, Cornell, February, industrial organization, On the geom- 
etry of the triangle. 


D. C. Duncan, California, May, astronomy, Rational quintic curves 
autopolar with respect to a finite number of conics. 
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J. M. Earl, Minnesota, July, physics, Polynomials of best approximation 
on an infinite interval. 


J. J. Gergen, Rice, June, Generalized lacunae, On Taylor's series 
admitting the circle of convergence as a cut, On accessible points on the boun- 
dary of a three dimensional region. 


A. O. Hickson, Chicago, August, An application of the calculus of varia- 
tions to boundary-value problems. 


E. L. Hill, Minnesota, June, major physics, minor mathematics, 
Quantum mechanics of the rotational distortion of spin multiplets in molecular 
spectra. 


Rosa L. Jackson, Chicago, August, The boundary-value problem of the 
second variation for parametric problems in the calculus of variations. 


R. L. Jeffery, Cornell, June, physics, The sequences of functions which 
define a definite integral containing a parameter. 


Marie M. Johnson, Chicago, August, Tensors of the calculus of variations. 


B. W. Jones, Chicago, June, Representation by positive ternary quadratic 
orms. 


E. G. Keller, Chicago, August, On the origin of a planet from a ring 
system. 


G. H. Keuligan, Johns Hopkins, June, Vibrations of an elongated U-bar. 


M. S. Knebelman, Princeton, June, Collineations and motions in 
generalized spaces. 


Mark Kormes, Columbia, January, On basis sets. 


Lincoln LaPaz, Chicago, August, Am inverse problem of the calculus of 
variations. 


W. T. MacCreadie, Cornell, February, physics, On the stability of the 
motion of a viscous fluid. 


Morris Marden, Harvard, June, On the location of the roots of the jacobian 
of two binary forms and of the derivative of a rational function. 


W. L. Moore, Illinois, June, mathematical physics, On the geometry of 
the Weddle surface. 


D. C. Morrow, Chicago, June, The determination of all quaternary 
quadratic forms which represent every positive integer. 


F. W. Perkins, Harvard, February, On the oscillation of harmonic 
functions. 


J. W. Peters, Johns Hopkins, June, Invariants of sets of points under 
inversion. 
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O. J. Peterson, Michigan, June, On the rational plane quintic with three 
cusps. 


C. G. Phipps, Minnesota, July, physics, Problems in approximation by 
functions of given continuity. 


Allie W. Richeson, Johns Hopkins, June, Pentagons inscribed in circles. 


W. C. Risselman, Minnesota, July, physics, Approximation to a given 
function by means of polynomials in another given function. 


\V. B. Rojansky, Minnesota, August, major physics, minor mathematics, 
The Stark effect of hydrogenic atoms in the new quantum mechanics. 


W. E. Roth, Wisconsin, June, applied mathematics, A solution of the 
matrix equation P(X)=A. 


C. A. Rupp, Chicago, June, An extension of Pascal’s theorem to space of 
r dimensions. 


N.E. Rutt, Pennsylvania, June, Concerning the cut points of a continuous 
curve when the arc curve contains exactly n independent arcs. 


S. A. Schelkunoff, Columbia, May, On certain properties of the metrical 
and generalized metrical groups in linear spaces of n dimensions. 


A. A. Shaghoian, California, May, analytical mechanics, Solution of 
homogeneous linear difference equations by means of infinite determinants. 


C. D. Smith, Iowa, February, On generalized Tchebycheff inequalities in 
mathematical statistics. 


F. E. Smith, Catholic, June, physics and philosophy, The triangles in- and 
circumscribed to the triangular symmetric rational quartic curve. 


Dan Sun, Chicago, August, Projective differential geometry of quadruples 
of surfaces with points in correspondence. 


E. L. Thompson, Chicago, June, Systems of two differential equations 
from the Lie group standpoint. 


Morgan Ward, California Institute of Technology, June, physics, The 
foundation of general arithmetic. 


Marie J. Weiss, Stanford, June, Primitive groups which contain substi- 
tutions of prime order p and of degree 6p or 7p. 


C. O. Williamson, Chicago, August, Stability of an airplane with rotating 
propeller. 


D. W. Woodard, Pennsylvania, June, Two dimensional analysis situs, 
with special reference to the Jordan curve-theorem. 


Ko-Chuen Yang, Chicago, August, Various generalizations of Waring’s 
problem. 
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Princeton University has received from its Class of ’87 the sum of 
$200,000 to endow the chair of astronomy held by Professor H. N. Russell, 
a member of that class. The class also presented a portrait of Professor 
Russell to the University. 


Professor G. H. Hardy lectured at the University of Iowa, March 23, 
1929, on Hilbert’s Logic, and at Columbia University, April 17-18, on 
Prime Numbers. 


Professor and Mrs. E. B. Van Vleck will sail from San Francisco on 
August 15, for a trip around the world. Professor Van Vleck will retire 
from active teaching in June, 1929. 


Professor Hermann Weyl, of the Zurich Technical School, who was 
appointed Visiting Lecturer for this Society for the present year, has 
delivered lectures recently at Harvard University (April 29-May 3), 
Chicago (May 7), Illinois (May 8-10), The Rice Institute (May 20-22), 
California Institute of Technology (May 31-June 3), Stanford University 
(June 7-10). The subjects of his lectures have been: Gravitation and the 
electron, Consistency of mathematics, The spherical symmetry of atoms, 
The theory of groups and quantum mechanics, and The symmetric and the 
linear group. 


Dr. Gregory Breit, mathematical physicist of the Department of 
Terrestrial Magnetism, has been assigned for a year to work in atomic 
physics in various laboratories and universities of Europe. 


Dr. Elizabeth B. Cowley, of Vassar College, has been promoted to a 
professorship of mathematics. 


Professor Werner Heisenberg, of the University of Leipzig, will iecture 
at the University of Chicago on theoretical physics, during the summer 
quarter. 


Dr. A. O. Hickson, of Brown University, has been appointed assistant 
professor of mathematics at Duke University. 


Dr. M. S. Knebelman has been appointed assistant professor of mathe- 
matics at Princeton University. 


Mr. E. R. C. Miles, of Rice Institute, has been appointed assistant 
professor of mathematics at Duke University. 


Professor C. H. Richardson, formerly of Georgetown College, now 
professor of mathematics at Bucknell University, was recently elected by 
the Faculty of Bucknell University to serve as head of the department of 
mathematics for the current academic year. 


Dr. C. H. Smiley of the University of Illinois, has been appointed 
Guggenheim Fellow for 1929-30. 


Dr. W. H. Taylor has been appointed head of the department of mathe- 
matics at Alabama College. 
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Associate Professor Robert Torrey, of the University of Mississippi, 
was granted leave of absence for the first semester of the present academic 
year. Professor Torrey was injured in a train wreck last June. 


Professor G. T. Whyburn, recently appointed at Johns Hopkins, has 
been appointed Guggenheim Fellow for next year, and will have leave of 
absence from Johns Hopkins. 


Professor J. Boussinesq, member of the section of mechanics of the 
Paris Academy of Sciences, died February 19, 1929, at the age of eighty-six. 


Professor Luighi Carlini, of the Technical School of Udine, died De- 
cember 28, 1928. 


Mr. A. K. Erlang, of the Copenhagen Telephone Company, known for 
his work in the applications of mathematics to telephone problems, died 
February 3, 1929, at the age of fifty-one. 


Professor Johannes von Kries, of Freiburg i. Br., the distinguished 
physiologist, editor of the German edition of Helmholtz’s Physiological 
Optics and author of Die Prinzipien der Wahrscheinlichkettsrechnung, died 
December 30, 1928, at the age of seventy-five. 


Professor Samuel Oppenheim, of the department of astronomy of the 
University of Vienna, died August 15, 1928, at the age of seventy. 


Professor P. H. Puiseux, honorary astronomer of the Paris Observatory, 
died September 28, 1928. 


Professor Charles Riquier died at Caen in January, 1929, at the age of 
seventy-eight. 


Professor Giovanni Russo, of the Technical School at Catanzaro, died 
June 4, 1928, at the age of seventy-seven. 


Mr. W. B. Alcock, senior fellow of Emmanuel College, Cambridge, 
died January 18, 1929, at the age of seventy-one. 


Professor A. W. Bickerton, of Canterbury College, Christchurch, New 
Zealand, known for his impact theory of cosmic evolution, died January 
23, 1929, at the age of eighty-seven. 


Mr. T. H. Blakesley, honorary secretary of the London Physical Society, 
known for his work in the theory of alternating currents, died February 13, 
1929, at the age of eighty-one. 


Mr. M. J. M. Hill, of University College, London, died January 11, 
1929, at the age of seventy-two. 


Mr. A. W. Prater, of the University of California at Los Angeles, died 
April 16, 1929. 


Professor W. H. Sherk, of the University of Buffalo, died in January, 
1929. 
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PART I. PURE MATHEMATICS 


AUERBACH (F.). Lebendige Mathematik. Breslau, Hirt, 1928. 

Barrau (J. A.). Figuren en hare coordinaten. Groningen, Wolters, 1928. 
19 pp. 

VAN DEN BERG (F.). De multi-sektie van den hoek in de viakke meetkunde 
op 5 verschillende wijzen aangetoond. Rotterdam, the author, 1927. 

BLAscHKE (W.). Vorlesungen iiber Differentialgeometrie. Band 3. 
Berlin, Springer, 1929. 

BREvER (S.). See EULER (L.). 

Brown (O. E.). See NazrnorrF (P. S.). 

BURNSIDE (W. S.) and Panton (A. W.). The theory of equations with an 
introduction to the theory of binary algebraic forms. Edited by 
M. W.J.Fry. 7th edition. Volume 2. London, Longmans, 1928. 

Cajori (F.). A history of mathematical notations. Volume 2: Notations 
mainly in higher mathematics. Chicago, Open Court, 1929. 18+367 
pp. 

Courant (R.). Vorlesungen iiber Differential-und Integralrechnung. 
Band 2: Funktionen mehrerer Veranderlicher. Berlin, Springer, 
1929. 360 pp. 

vAN Dreren (C. M.). Nulstelsels in het platte vlak. (Dissertation, 
Utrecht.) Utrecht, Drukkerij Zuidam, 1928. 77 pp. 

vAN Ditmarsu (A. J.). Afbeelding van de lijnelementen van een vlak op 
den complex der Raaklijnen van een monoide. (Dissertation, Utrecht.) 
Zutphen, Nauta, 1928. 29 pp. 

Disinc (K.). Leitfaden der Kurvenlehre. Mit zahlreichen Anwendungen 
aus der Technik von E. Preger. 3te vermehrte Auflage, bearbeitet 
von E. Wilde. Leipzig, Janecke, 1928. 8+-143 pp. 

EvuLer (L.). Drei Abhandlungen iiber die Auflésung der Gleichungen. 
(1738, 1764, 1790.) Ubersetzt und herausgegeben von S. Breuer. 
(Ostwalds Klassiker der Exakten Wissenschaften.) Leipzig, Akade- 
mische Verlagsgesellschaft, 1928. 94 pp. 

Euwe (W.). Differentiaal-invarianten en partiéelle differentiaalverge- 
lijkingen uit de tensorrekening. (Dissertation, Amsterdam.) Amster- 
dam, H. J. Paris, 1928. 12+84 pp. 

Forp (W. B.). College algebra. Revised edition. New York, Macmillan, 
1928. 6+278 pp. 

Fry (M. W. J.). See BuRNsIDE (W. S.). 

Haac (J.). Cours complet de mathématiques élémentaires. Tome 3. 
Paris, Gauthier-Villars, 1928. 346 pp. 

HarpinG (A. M.) and MuLtins (G. W.). Plane trigonometry. New York, 
Macmillan, 1928. 8+118 pp. 

Hasse (H.) und Scuottz (H.). Die Grundlagenkrisis der griechischen 
Mathematik. Charlottenburg, Panverlag Kurt Mentzner, 1928. 


72 pp. 
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Hoestra (H. P.). Onderzoek van eenige bilineaire congruenties van 
kubische ruimtekrommen door eene afbeelding op het puntenfeld. 
(Dissertation, Utrecht.) Utrecht, van Druten, 1928. 80 pp. 

HoHEISEL (G.). Partielle Differentialgleichungen. (Sammlung Géschen.) 
Berlin, de Gruyter, 1928. 159 pp. 

von HoL_zHAusEN (W.). Logik und Zweckreinheit im neudeutschen Schach- 
problem. Berlin, de Gruyter, 1928. 114 pp. 

Ktune (O.). Die mathematische Schule in der Nationalékonomie. Band 
I, iter Teil: Die italienische Schule bis 1924. Berlin, de Gruyter, 
1928. 

Lennes (N. J.). College algebra. New York, Harper, 1928. 14+301 pp. 

LiETZMANN (W.). Aus der Mathematik der Alten. Leipzig, Teubner, 1928. 

L6rFLerR (E.). Ziffern und Ziffernsystem. Teil 1. Leipzig, Teubner, 1928. 
2+54 pp. 

Loria (G.). Storia delle matematiche. Volume I: Antichita, medio evo, 
rin ascimento. Torino, S.T.E.N., 1929. 497 pp. 

Mutts (G. W.). See Harpinc (A. M.). 

NazimorF (P. S.). Applications of the theory of elliptic functions to the 
theory of numbers. Translated from the Russian by A. E. Ross. 
Mimeographed by O. E. Brown. Evanston, 1928. 146 pp. (On sale 
at the University of Chicago Book Store: $3.00.) 

Oscoop (W. F.). Lehrbuch der Funktionentheorie. 5te Auflage, 1ter Band, 
und 2te Auflage, 2ter Band, ite Lieferung. Leipzig, Teubner, 1928, 
1929. 14+818+8+307 pp. 

Panton (A. W.). See BuRNSIDE (W. S.). 

Pesci (G.). Lezioni di calcolo numerico, grafico e meccanico. Livorno, 
Autografia della Reale Accademia Navale, 1928. 

PREGER (E.). See Diisinc (K.). 
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